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Introduction

Number Fields and their Rings of Integers

A subfield K of C is called an algebraic number field or, simply, a number field if K is a
finite-dimensional vector space over Q, in which case, one can write K as Q(α) for some
algebraic number α. Historically, these fields arose from the desire to solve higher-degree
polynomial equations and understand the symmetries of their roots, a pursuit that transitioned
from Galois’s revolutionary group-theoretic work to Dedekind’s formalization of field theory.
The relevance of number fields lies in their ability to act as a “lens” for arithmetic since by
moving from Q to a larger field K, we can decompose numbers into new, algebraic factors
that reveal the underlying structure of equations.

The ring of integers OK of a number field K is the set of all elements in K that are roots of
monic polynomials with coefficients in Z. The study of these algebraic structures emerged in
the 19th century when prominent mathematicians, including Carl Gauss, Gotthold Eisenstein,
and Ernst Kummer, sought to extend the known laws of arithmetic beyond the set Z of
rational or ordinary integers. From a more philosophical perspective, rings of integers represent
the transition from the empirical observation of numbers to the structural understanding of
mathematical reality, making tangible the tension between the concrete nature of specific
numbers and the universal algebraic laws that govern them.

Rings of Integers and the Non-Unique Factorization Crisis

The study of rings of integers was significantly catalyzed by the “crisis of non-unique fac-
torization.” A famous instance occurred when Gabriel Lamé incorrectly assumed that, in
every cyclotomic integer ring Z[ζp] obtained from Z by adjoining a primitive p-th root of unity
(with p prime), factorization into irreducibles was essentially unique; Kummer later refuted
this claim by showing that the unique factorization (UF) property fails in Z[ζ23]. Today,
rings of integers are the central objects of study in algebraic number theory, serving as the
“local” playgrounds where we investigate the failure of the UF property and the behavior of
prime ideals. Beyond their theoretical beauty, they are foundational to modern cryptography
(specifically in lattice-based and isogeny-based systems), provide the framework for solving
Diophantine equations, and offer deep insights into factorization theory through invariants
like the divisor class group.
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Cyclotomic Rings of Integers and Fermat’s Last Theorem

At the heart of Fermat’s Last Theorem (FLT) lies the fundamental tension between the
arithmetic of the rational integers Z and the rings of integers OK of cyclotomic fields. The
equation xn + yn = zn can be elegantly factored as

zn =
n−1∏
j=0

(x+ ζj
ny)

only by stepping into the ring Z[ζn]. The historical drama of FLT was driven by the discovery
that these rings often lack unique factorization, a “failure” that initially thwarted Lamé but
led Kummer to develop the theory of ideal numbers. By categorizing primes as “regular”
based on whether they divide the class number of OK , Kummer was able to prove the theorem
for regular prime exponents. Even in Wiles’s final proof, the connection remains intrinsic: the
modularity theorem bridges the gap between elliptic curves and the Galois representations
associated with these rings of integers. Ultimately, FLT is not merely a statement about Z,
but a profound testament to how the structural properties of rings of integers govern the
existence (or non-existence) of solutions to Diophantine equations.

Rings of Integers in Connection with Ideal Theory and Valuation Theory

The same crisis ignited the transition from classical number theory to modern abstract
algebra. When Kummer introduced “ideal numbers” to rectify the non-unique factorization
phenomenon in cyclotomic fields, he provided a computational workaround, but it was Richard
Dedekind who transformed this into a robust structural theory. By defining an ideal as a
set-theoretic object (an additive subgroup closed under multiplication by arbitrary elements
of the ring), Dedekind shifted the focus from individual elements to collections of numbers,
creating (or perhaps discovering) the modern concept of an ideal to restore unique factorization
at the level of sets. This clever creation by Dedekind gave life to ideal theory. Ideals provided
both the template for Noetherian rings and the axiomatic study of commutative algebra.
Furthermore, the quest to understand the size and multiplicity of these ideals led directly to
the development of valuation theory. By viewing the power of a prime ideal p dividing an
element as a valuation vp, mathematicians like Kurt Hensel and József Kürschák were able to
unify the arithmetic of rings of integers with the analytic properties of power series. Thus,
the ring of integers served as the original laboratory for these theories, proving that the local
behavior of valuations and the global structure of ideals are two sides of the same arithmetic
coin.

Rings of Integers and Arithmetic Geometry

The earliest and most profound applications of factorization theory lie in algebraic number
theory. Kummer’s ideal numbers and Dedekind’s subsequent formalization of ideals provided
the conceptual foundation for the study of ideal class groups, whose structure measures
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the failure of unique factorization in rings of integers. Class groups play a central role in
understanding the arithmetic of number fields, influencing the solvability of Diophantine
equations, the structure of algebraic curves, and the arithmetic of algebraic varieties (see [1]).
The modern theory of global fields, divisor class groups, and Picard groups in algebraic
geometry continues to depend fundamentally on these ideas (see [15]).
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Foundations – Sets, Monoids, and
Groups

In this preliminary chapter, we introduce the set theory notation and briefly recall some basics
of commutative monoids and abelian groups we will be referring to later.

General Notation

As is customary, we let Z denote the ring of integers and Q, R, and C the fields of rational, real,
and complex numbers, respectively. In addition, we let P denote the set of rational (standard)
primes, while we let N denote the multiplicative monoid of positive integers. Finally, we set

N0 := {0} ∪ N.

For each prime p ∈ P and positive integer n ∈ N, we let Fpn denote the field with pn elements
(it is well known that the cardinality of every finite field is a prime power). For any real
number r and a subset S of the real line, we set S≥r := {s ∈ S : s ≥ r}. For any pair
(m,n) ∈ Z2 with m ≤ n, we set

Jm,nK := {k ∈ Z : m ≤ k ≤ n}.

For any positive rational q, call the unique relatively prime positive integers n(q) and d(q)
such that q = n(q)/d(q) the numerator and the denominator of q, respectively. For a prime p,
the p-adic valuation on Q is the map vp : Q → Z ∪ {∞} defined as follows: vp(0) = ∞ and
vp(q) = vp(n(q)) − vp(d(q)) for any q ≠ 0, where for n ∈ N the value vp(n) is the exponent of
the maximal power of p dividing n. One can readily verify that for q1, . . . , qn ∈ Q>0:

vp(q1 + · · · + qn) ≥ min{vp(q1), . . . , vp(qn)}

Commutative Semigroups and Monoids

A binary operation on a set S is a function ∗ : S × S → S. When ∗ is a binary operation on a
set S, it is customary to write s ∗ t instead of ∗(s, t) for any s, t ∈ S. A pair (S, ∗), where S is

5
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a set and ∗ is a binary operation on S, is called a semigroup provided that the operation ∗ is
associative: r ∗ (s ∗ t) = (r ∗ s) ∗ t for all r, s, t ∈ S.

Let (S, ∗) be a semigroup. An element e ∈ S is called an identity element of S if
e ∗ s = s ∗ e = s for all s ∈ S. Every semigroup has at most one identity element: indeed, if
e1, e2 ∈ S are both identity elements, then e1 = e1 ∗ e2 = e2. The semigroup (S, ∗) is said
to be commutative if s ∗ t = t ∗ s for all s, t ∈ S. A semigroup having an identity element is
called a monoid.

Let (M, ∗) be a monoid with identity element denoted by e, and let us denote (M, ∗)
simply by M . An element u ∈ M is called invertible or a unit if u ∗ v = v ∗ u = e for
some v ∈ M , in which case such an element v is called an inverse of u. As the identity
element e ∈ M satisfies e ∗ e = e, it is its own inverse and, therefore, a unit. In a monoid,
every unit has a unique inverse: indeed, if v1, v2 ∈ M are two inverses of a unit u, then
v1 = v1 ∗ (u ∗ v2) = (v1 ∗ u) ∗ v2 = v2.

A subset S of M is called a submonoid of M if S contains the identity element of M and
is closed under the operation of M , which means that b ∗ c ∈ S for all b, c ∈ S. If S is a
submonoid of M such that S ̸= M , then S is called a proper submonoid of M . It is routine
to prove that the property of being submonoids of a given monoid is preserved under taking
arbitrary intersections.

Let N denote a monoid (N, ∗′) with identity element eN . A function φ : M → N is called a
monoid homomorphism if φ(e) = eN and φ(b ∗ c) = φ(b) ∗′ φ(c) for all b, c ∈ M . If φ : M → N
is a bijective homomorphism, then φ is called a monoid isomorphism and, in this case, we say
that the monoids M and N are isomorphic.

Abelian Groups

We recall the basic language of abelian groups, and briefly discuss the quotients of abelian
groups.

Definition 0.1. A group is a monoid where every element is invertible. A group is said to be
abelian if it is commutative as a monoid.

Unless we explicitly state otherwise, every abelian group we deal with in this note is
written additively. For the rest of this section, let A be an abelian group. A submonoid
S of A is said to be a subgroup provided that S is a group with the operation it inherits
from A, in which case, we write S ≤ A. If S is a subgroup of A such that S ̸= A, then S is
called a proper subgroup of A. Given abelian groups A and B, a map φ : A → B is called a
group homomorphism provided that φ(a+ a′) = φ(a) + φ(a′) for all a, a′ ∈ A. We say that a
group homomorphism is an isomorphism if it is a bijection. Given a group homomorphism
φ : A → B, one can check that φ(A) is a subgroup of B, while the subset kerφ of A consisting
of all the elements mapped to 0 by φ is a subgroup of A called the kernel of φ:

kerφ := {a ∈ A : φ(a) = 0}.
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Observe that a group homomorphism is injective if and only if its kernel is the trivial group.
Thus, images and kernels of group homomorphisms are groups.

Every group can be somehow divided by any given subgroup (at least those groups that
are abelian). To show how this is done, let S be a subgroup of A. For each a ∈ A, we define
the coset of a with respect to S as follows: a+ S := {a+ s : s ∈ S}. Now set

A/S := {a+ S : a ∈ A}.

Let us now define a binary operation on A/S based on the operation of A: for any cosets
a+ S and a′ + S of A/S,

(a+ S) + (a′ + S) := (a+ a′) + S. (1)

It is routine to verify that this binary operation is well defined and also that A/S is an abelian
group under this operation: the group A/S is called the quotient group of A by S. Then we
can project A onto its quotient group A/S via the map π : A → A/S defined by π(a) = a+ S
for all a ∈ A, which is clearly a surjective group homomorphism such that kerπ = S. In
light of this, we see that every subgroup of the abelian group A is the kernel of a group
homomorphism with domain A.

Proposition 0.2 (First Isomorphism Theorem). Let φ : A → A′ be a group homomorphism.
Then the quotient group A/ kerφ is isomorphic to the subgroup φ(A) of A′ via the group
homomorphism determined by the assignments a+ kerφ 7→ φ(a) for all a ∈ A.

Proof. Define the map φ̄ : A/ kerφ → φ(A) by φ̄(a + kerφ) = φ(a). First, we show φ̄ is
well-defined. If a+ kerφ = b+ kerφ, then a− b ∈ kerφ and so φ(a− b) = 0, which implies
φ(a) = φ(b). To verify that ϕ̄ is a homomorphism, observe that, for any a, b ∈ A,

φ̄((a+ kerφ) + (b+ kerφ)) = φ̄((a+ b) + kerφ) = φ(a+ b) = φ(a) + φ(b)
= φ̄(a+ kerφ) + φ̄(b+ kerφ).

Finally, we check bijectivity. Every element in φ(A) is of the form φ(a) for some a ∈ A, and
φ̄(a+ kerφ) = φ(a). If φ̄(a+ kerφ) = 0, then φ(a) = 0, so a ∈ kerφ, meaning a+ kerφ is
the identity in A/ kerφ. Thus, φ̄ is an isomorphism.

The following result, known as the Second Isomorphism Theorem, is a consequence of the
First Isomorphism Theorem. We leave the proof as an exercise.

Proposition 0.3 (Second Isomorphism Theorem). Let A be an abelian group, and let S
and T be subgroups of A. Then (S + T )/T ∼= S/(S ∩ T ).
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Chapter 1

Preliminaries on Commutative
Rings

1.1 Commutative Rings – Ideals, Quotients, and Homomor-
phisms

We now recall the notion of a commutative ring (with identity).

Definition 1.1. A triple (R,+, ·), where R is a set and + and · are two binary operations on
R, is called a ring if the following conditions hold:

• (R,+) is an abelian group,

• (R, ·) is a monoid, and

• r · (s+ t) = r · s+ r · t and (s+ t) · r = s · r + t · r for all r, s, t ∈ R.

Let (R,+, ·) be a ring and, from now on, let us denote this triple simply by R (this is
customary in the literature). The identity of the monoid (R,+) is denoted by 0 and called
the zero element of R or simply zero. For all r ∈ R, the equality 0 · r = 0 holds: it can be
deduced from 0 · r = (0 + 0) · r = 0 · r+ 0 · r, as 0 · r has an additive inverse. Similarly, r · 0 = 0
for all r ∈ R. For r, s ∈ R, we write rs instead of r · s if we see no risk of confusion. We say
that R is commutative if the semigroup (R, ·) is commutative. In addition, we say that an
element of R is an identity if it is an identity of the semigroup (S, ·). Thus, if R contains
an identity, then it must be unique and we denote it by either 1R or 1 and refer to it as the
identity element. In the scope of this exposition, we are only interested in commutative rings
with identity, and we tacitly assume that the identity is not the zero element (otherwise, R is
a singleton, which is not an interesting case to consider).

For a commutative ring R with identity, we let R× denote the group of units (i.e., invertible
elements) of R. For r, s ∈ R, we say that s divides r and write s |R r if r = st for some t ∈ R.
Elements r, s ∈ R are associates if s = ur for some u ∈ R×.

9
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An additive subgroup S of R is called a subring if S is closed under multiplication and
contains 1. Clearly, a subring of R is a commutative ring with identity under the binary
operations it inherits from R.

Let R be a commutative ring with identity 1. An additive subgroup I of R is called an
ideal if ra ∈ I for all r ∈ R and a ∈ I. It is clear that {0} and R are ideals of R, and we call
{0} the zero ideal of R. An ideal I of R is called proper if I ⊊ R. An ideal I of R is proper if
and only if I ∩ R× is empty: for the less trivial direction, observe that if u ∈ I ∩ R× then
R = u(u−1R) ⊆ IR = I. Hence the only ideals of a field are the zero ideal and the whole field.

Let R and S be commutative rings with identities 1R and 1S , respectively. A map ϕ : R → S
is called a ring homomorphism if ϕ is a group homomorphism between the underlying additive
groups of R and S and the following two conditions hold:

• ϕ(1R) = 1S and

• ϕ(r1r2) = ϕ(r1)ϕ(r2) for all r1, r2 ∈ R.

If φ : R → S is a ring homomorphism, one can readily check that the subgroup kerφ of the
underlying abelian group of R is indeed an ideal and that the subgroup φ(R) of S is indeed
a subring. An isomorphism of rings is a bijective ring homomorphism. If there exists an
isomorphism between R and S, we say that R and S are isomorphic and write R ∼= S.

The main relevance of ideals in ring theory is that we can quotient by them. For an ideal
I of R, we can define a multiplicative operation on the quotient group R/I as follows:

(r + I)(s+ I) := rs+ I

for all r, s ∈ R. It is routine to verify that, under this multiplication, the quotient group R/I
is a commutative ring with identity 1 + I (the absorbing property of the ideal I is needed for
the multiplication to be well defined). We call R/I the quotient ring of R by I. Observe that
the group homomorphism π : R → R/I is now a ring homomorphism. There is a version of
the First Isomorphism Theorem in the setting of commutative rings, and this result describes
the structural relationship among homomorphisms, ideals, and quotients.

Proposition 1.2. Let φ : R → S be a ring homomorphism. Then the map R/ kerφ → S
defined via the assignment r+ kerφ 7→ φ(r) (for all r ∈ R) is an injective ring homomorphism
with image φ(R), whence R/ kerφ ∼= φ(R).

With notation as in Proposition 1.2, if I ⊆ kerφ, then φ factors through π, that is, there
exists a unique ring homomorphism φ : R/I → S such that φ = φ ◦ π. As for the case of
groups, there is also a Second Isomorphism Theorem for commutative rings.

Proposition 1.3. Let R be a commutative ring with identity, and let S and I be a subring
and an ideal of R, respectively. Then S ∩ I is an ideal of S and (S + I)/I ∼= S/(S ∩ I).
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1.2 Integral Domains – UFDs, PIDs, and Euclidean Domains

In this section, we introduce three nested classes of integral domains, which are relevant in the
study of rings of integers. A commutative ring R with identity is called an integral domain if,
for all r, s ∈ R, the equality rs = 0 implies that 0 ∈ {r, s}. For the rest of this section, we
assume that R is an integral domain.

Definition 1.4. A field is an integral domain where every nonzero element is a unit.

A nonzero nonunit r ∈ R is irreducible if whenever r = uv for some u, v ∈ R the set
{u, v} ∩R× is nonempty. We can now cast a relevant class of integral domains based on the
statement of the Fundamental Theorem of Arithmetic (FTA).

Definition 1.5. An integral domain is a unique factorization domain (UFD) if for every
nonzero r ∈ R \R×, the following statements hold:

1. r = p1 · · · pm for some irreducibles p1, . . . , pm ∈ R, and

2. if r = q1 · · · qn for irreducibles q1, . . . , qn ∈ R, then n = m and there is a bijection
φ : J1,mK → J1,mK such that qφ(j) and pj are associates for every j ∈ J1,mK.

Every field is trivially a UFD, and Z is a UFD by the Fundamental Theorem of Arithmetic.
We will prove in the next subsection that the rings of polynomials Z[x] and Z[x, y] are UFDs.

We can now generalize the standard notion of a prime to elements in any commutative ring
with identity. A nonzero element r ∈ R \ R× is prime if whenever r |R st for some s, t ∈ R
either r |R s or r |R t. It is not hard to verify that every prime is irreducible (prove this!).

Proposition 1.6. Let R be a UFD. An element of R is prime if and only if it is irreducible.

Proof. In every integral domain, primes are irreducibles, and we leave the verification of this
fact to the reader. Now suppose that p ∈ R is an irreducible. To check that p is prime, take
r, s ∈ R such that p |R rs, and then write pt = rs for some t ∈ R. As R is a UFD, we can
factor t, r, and s into irreducibles to obtain factorizations of the same element on both sides
of the equality pt = rs. Since p is irreducible and R is a UFD, p is associated with one of the
irreducibles in the factorization of rs, and so either p |R r or p |R s. Hence p is prime.

For any a ∈ R, we can verify that aR := {ar : r ∈ R} is the smallest ideal of R containing a:
ideals of the form aR are called principal ideals. We often write (a) instead of aR. The
zero ideal and the unit ideal R are both principal ideals as {0} = 0R and R = 1R. Integral
domains whose ideals are principal play an important role in commutative ring theory.

Definition 1.7. An integral domain R is called a principal ideal domain (PID) if every ideal
of R is principal.

Every field is clearly a PID. Let us verify that Z is a PID.
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Example 1.8. We verify that every ideal of Z is principal. Let I be a nonzero proper
ideal, and take m ∈ I \ {0} such that |m| := min{|a| : a ∈ I \ {0}}. Then mZ ⊆ IZ = I.
Conversely, for any a ∈ I we can take q, r ∈ Z with |r| < |m| such that a = qm+ r and, as
r = a− qm ∈ I −mZ ⊆ I, r = 0 must hold by the minimality of |m|, whence a = mq ∈ mZ.
Hence I = mZ is a principal ideal. ■

We will prove in the next theorem that every PID is a UFD. First, we need to collect the
following temporary result (once we prove Theorem 1.10, this lemma will become a special
case of Proposition 1.6).

Lemma 1.9. If R is a PID, then every irreducible in R must be prime.

Proof. Let p be an irreducible in R, and let I be an ideal containing Rp. Since R is a PID,
I = Ra for some a ∈ R. After writing p = ab for some b ∈ R, we see that either a ∈ R× or
b ∈ R×. Accordingly, we find that I = R or I = Rp. Hence the only ideal properly containing
Rp is R, which means that Rp is a maximal ideal and, therefore, a prime ideal. Hence p is
prime.

Theorem 1.10. Every PID is a UFD.

Proof. Let R be a PID. Suppose, by way of contradiction, that there is a nonzero element
r0 ∈ R \ R× that does not factor into irreducibles. So r0 = r1s1 for some r1, s1 ∈ R \ R×

such that r1 does not factor into irreducibles. As before, we can write r1 = r2s2 for some
r2, s2 ∈ R\R× such that r2 does not factor into irreducibles. Going on in a similar fashion, we
can construct sequences (rn)n≥0 and (sn)n≥1 with rn, sn ∈ R \R× such that rn = rn+1sn+1.
Thus, the sequence (Rrn)n≥0 of ideals satisfies Rrn ⊊ Rrn+1 and, therefore, I = ⋃

n≥0Rrn is
an ideal. Since R is a PID, there is an a ∈ R such that I = Ra. Take an m ∈ N such that
a ∈ Rrm. This implies that I = Rrm, and so Rrm+1 = Rrm. In this case, rm and rm+1 are
associates, which contradicts that Rrn+1 strictly contains Rrn. Hence every nonzero element
of R \ R× is a product of irreducibles. The proof of uniqueness is left to the reader as an
exercise.

As the following example indicates, the converse of Theorem 1.10 does not hold.

Example 1.11. Consider the ring Z[x]. It is well-known that R[x] is a UFD provided that R
is a UFD. Therefore Z[x] is a UFD. On the other hand, one can readily verify that the ideal
(2, x) is not principal. Hence Z[x] is not a PID.

The Euclidean division algorithm is an important tool we have at our disposal in Z. We
can consider generalizations of the ring Z where we can still perform the Euclidean division
algorithm. Such rings are called Euclidean domains.

Definition 1.12. An integral domain R is called a Euclidean domain if there is a map
N : R → N0 with N(0) = 0, called a norm, such that for any elements a, b ∈ R with b ≠ 0,
there are elements q, r ∈ R such that a = qb+ r and either r = 0 or N(r) < N(b).
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We proceed to show that every Euclidean domain is a PID.

Theorem 1.13. Every Euclidean domain is a PID.

Proof. Let R be a Euclidean domain with norm N : R → N0. Take a nonzero ideal I of R.
Let b be a nonzero element of I having minimum norm. We claim that I = Rb. Clearly,
Rb ⊆ I. For the reverse inclusion, consider a ∈ I. Since R is a Euclidean domain, a = qb+ r
for some q, r ∈ R, where either r = 0 or N(r) < N(b). Since r = a− qb ∈ I, the minimality
of N(b) ensures that r = 0, and so a = qb ∈ I. As a result, the inclusion I ⊆ Rb holds and,
therefore, I is principal. Hence R is a PID.

We conclude this subsection emphasizing that not every PID is a Euclidean domain.
However, examples witnessing this are not that easy to construct. One of the most tractable
examples is Z[ω], where ω := (1 + i

√
19)/2. To see why Z[ω] is a PID but not a Euclidean

domain, see [5, Subsections 8.1 and 8.2].

1.3 Localization

This material will be added in a later version.

1.4 Polynomial Rings – Irreducibility and Factorizations

This material will be added in a later version.

Exercises – Preliminaries on Commutative Rings

Exercise 1.1. Prove Proposition 1.2, the First Isomorphism Theorem for commutative rings.

Exercise 1.2. Construct an integral domain having an irreducible element that is not a
prime.

Exercise 1.3. Let R be a PID. Prove that any two factorizations of the same nonzero element
must be the same up to order and associates.
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Chapter 2

Algebraic Field Extensions and
Number Fields

Given two fields K and L, the notation L/K means that K is a subfield of L, in which case
we say that either L is an extension field of K or that L/K is a field extension. For the rest
of this section, we let L/K be a field extension.

2.1 Algebraic Extensions

If S is a subset of L then K(S) denotes the smallest subfield of L that contains both K and S,
which is the intersection of all the subfields of L containing K and S. For a finite subset
{σ1, σ2, . . . , σn} of L, we write K(σ1, σ2, . . . , σn) instead of K({σ1, σ2, . . . , σn}).

One can show that the action K×L → L of K on L naturally induced by the multiplication
inside L (i.e., (α, β) 7→ αβ for all (α, β) ∈ K × L) turns L into a vector space over K. The
degree of a field extension L/K, denoted by [L : K], is the dimension of L as a K-vector space:

[L : K] := dimK L.

The extension L/K is called finite if L is a finite-dimensional vector space over K or,
equivalently, [L : K] < ∞.

We are interested in whether α ∈ L satisfies a polynomial equation with coefficients in K.
An element α ∈ L is algebraic over K if there exists a nonzero polynomial p(x) ∈ K[x] such
that p(α) = 0. An element of L is transcendental over K if it is not algebraic over K. If
α ∈ L is algebraic over K, there is a unique monic polynomial mα(x) ∈ K[x] that vanishes at
α and divides any other polynomial in K[x] vanishing at α (exercise).

Definition 2.1. Let L/K be a field extension. For any α ∈ L that is algebraic over K, the
unique monic irreducible polynomial in K[x] that divides any other polynomial in K[x] having
α as a root is called the minimal polynomial of α over K.

Let us take a quick look at a couple of examples.

15
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Example 2.2. The field extension C/R is an algebraic extension because the field C is a
simple extension of R by an algebraic element, namely, C = R(

√
−1). Since x2 + 1 ∈ R[x] is

the minimal polynomial of
√

−1, the extension C/R has degree 2.

Example 2.3. The field extension Q( 3√2)/Q is also an algebraic extension because x3 − 2 ∈
Q[x] is the minimal polynomial of 3√2 and so 3√2 is an algebraic element over Q.

Throughout these notes, we often denote the minimal polynomial of an algebraic number
α by either mα(x) or mα,K(x). The extension field L of K is called simple if there exists
α ∈ L such that L = K(α). As we proceed to prove, a simple extension K(α)/K is finite if
and only if α is algebraic over K, in which case the dimension of the K-vector space K(α)
equals the degree of the minimal polynomial of α.

Theorem 2.4. For a field extension L/K, let α ∈ L be an algebraic element over K whose
minimal polynomial m(x) ∈ K[x] has degree d. Then the following statements hold.

1. K(α) ∼= K[x]/(m(x)).

2. The set {1, α, . . . , αd−1} is a basis for K(α) over K.

3. [K(α) : K] = deg m(x).

Proof. (1) Now consider the map ϕ : K[x] → K[α] defined as ϕ(p(x)) = p(α) for all p(x) ∈ K[x].
One can readily check that ϕ is a surjective ring homomorphism. In addition, note that a
polynomial in K[x] has α as a root if and only if it is divisible by mα,K(x) in K[x], whence

kerφ = {p(x) ∈ K[x] : p(α) = 0} = (m(x)).

Therefore in light of the First Isomorphism Theorem, K[x]/(m(x)) ∼= K[α]. It suffices to
argue the equality K[α] = K(α) or, equivalently, that K[α] is a field. As the polynomial
m(x) is irreducible in the UFD K[x] (which is actually a PID), it must be a prime in K[x],
whence the ideal (m(x)) of K[x] generated by m(x) is prime. As K[x] is a PID and so a
one-dimensional domain, (m(x)) must be a maximal ideal. Thus, the quotient K[x]/(m(x))
is a field and, in light of the isomorphism K[α] ∼= K[x]/(m(x)) we have already established
K(α) = K[α] ∼= K[x]/(m(x)).

(2) Since every element of K[α] has the form f(α) for some polynomial f(x) ∈ K[x],
after writing f(x) = m(x)g(x) + r(x) for some g(x), r(x) ∈ K[x] such that the inequality
deg r(x) < deg m(x) holds, we see that f(α) = r(α) ∈

∑d−1
i=0 Kαi. Thus, K(α) = K[α] is

spanned by {1, α, . . . , αd−1} as a vector space over K. Now suppose that ∑d−1
i=0 ciα

i = 0 for
some c0, c1, . . . , cd−1 ∈ K. Then α is a root of the polynomial p(x) = ∑d−1

i=0 cix
i, and so we

can write p(x) = m(x)q(x) for some polynomial q(x) ∈ K[x]. As deg m(x) = d > deg p(x),
we see that q(x) is the zero polynomial and, as a consequence, so is p(x). Thus, c0 = c1 =
· · · = cd−1 = 0, and so {1, α, . . . , αd−1} is a linearly independent set of vectors in K(α). Hence
{1, α, . . . , αd−1} is a basis for K(α) as a vector space over K.

(3) We have just identified a basis for the K-vector space K(α) consisting of d vectors.
Thus, [K(α) : K] = dimK K(α) = d = deg m(x), and this completes our proof.
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Corollary 2.5. Let L/K be a field extension. For any α ∈ L, the extension K(α)/K is
algebraic if and only if it is finite.

This theorem allows us to represent elements of a number field as linear combinations of
powers of a single algebraic element.

Example 2.6. Consider the extension field Q(ζ) of Q, where ζ is the primitive third root
of unity e2πi/3. From x3 − 1 = (x − 1)(x2 + x + 1), we can deduce that ζ is a root of the
irreducible polynomial x2 + x+ 1 ∈ Q[x], and so it is the minimal polynomial of ζ. Thus, it
follows from Theorem 2.4 that [Q(ζ) : Q] = degm(x) = 2 and also that {1, ζ} is a basis for
Q(ζ) as a vector space over Q. It turns out that we can write Q(ζ) as a simple extension of
the field Q by an element different from ζ. For instance, let us verify that

Q(ζ) = Q(
√

−3).

To argue the inclusion, Q(ζ) ⊆ Q(
√

−3), it suffices to write ζ as a rational expression of
√

−3:

ζ = e2πi/3 = −1
2 +

√
3

2 i = −1
2 +

√
−3
2 ∈ Q(

√
−3). (2.1)

On the other hand, we can deduce from (2.1) that
√

−3 = 2ζ + 1, which implies the other
desired inclusion: Q(

√
−3) ⊆ Q(ζ). ■

Given a proper field extension L/K, the minimal polynomial m(x) of any element in L\K
that is algebraic over K cannot have any root α ∈ K as otherwise the linear polynomial
x− α ∈ K[x] would be a proper irreducible factor of m(x) in K[x]. However, there is always
an extension field L of K such that m(x) has a root in L. Let us provide a proof of this result,
which is known as Kronecker’s Theorem.

Theorem 2.7 (Kronecker’s Theorem). Let K be a field, and let f(x) ∈ K[x] be a nonconstant
polynomial. Then there exists an extension field L of K such that f(x) has a root in L.

Proof. Let f(x) ∈ K[x] be a nonconstant polynomial. Since K[x] is a UFD, f(x) has an
irreducible factor p(x) ∈ K[x]. It suffices to show that there exists an extension field L in
which p(x) has a root. To argue this, note that because K[x] is a UFD, p(x) is prime and so
P := p(x)K[x] is a prime ideal. Indeed, P is a maximal ideal because K[x] is a PID. Therefore
the quotient ring

L := K[x]/P

is a field. Consider the map ψ : K → L defined by ψ(β) = β + P for all β ∈ K. It is routine
to verify that ψ is a ring homomorphism. In addition, observe that if σ + P = τ + P then
p(x) |K[x] τ−σ, and so τ = σ. Hence ψ is injective and, after identifying K with ψ(K), we can
assume that K is a subfield of L. Finally, observe that as P is the zero element of the field L,
the element α := x+ P ∈ L is a root of p(x): indeed, p(α) = p(x+ P ) = p(x) + P = P .

Let us illustrate Kronecker’s Theorem with a simple example.
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Example 2.8. Observe that the quadratic polynomial m(x) := x2 − 2 ∈ Q[x] does not have
any roots in Q and, therefore, it is irreducible in Q[x]. However, m(x) has a root α in the
extension field Q(

√
2), namely, α :=

√
2.

For a nonconstant polynomial f(x) ∈ F [x], an extension field E of F is called a splitting
field for f(x) over F if the following conditions hold:

• f(x) factors into linear factors in E[x], and

• E = F (α1, α2, . . . , αn), meaning E is generated by the roots of f(x) over F .

Let us argue the existence and uniqueness of the splitting field of a given polynomial.

Proposition 2.9. For a field F and any non-constant polynomial f(x) ∈ F [x], there exists a
splitting field E for f(x) over F . Furthermore, this splitting field is unique up to isomorphism.

Proof of Existence. We proceed by induction on the degree n = deg f(x). For the base case
(n = 1), it suffices to observe that if f(x) is linear, the root is in F , which means that E = F .
For the inductive step, fix n ∈ N and assume the statement of the proposition holds when the
degree of the polynomial is less than n. By Kronecker’s Theorem, there exists an extension K
containing a root α1. Therefore we can write f(x) = (x− α1)g(x) for some g(x) ∈ K[x] with
deg g(x) = n− 1. By the inductive hypothesis, there exists a splitting field E for g(x). The
field F (α1, . . . , αn) ⊆ E is the splitting field for f(x). The uniqueness is left to the reader as
an exercise.

An intermediate field of the extension L/K is a subfield F of L that contains K. The
degree of extensions is multiplicative in the sense that it satisfies the following tower law.

Proposition 2.10. Let K ⊆ F ⊆ L be a tower of fields. Then L/K is finite if and only if
L/F and F/K are finite, in which case

[L : K] = [L : F ][F : K].

Proof. Exercise.

This is the primary tool for proving that certain geometric constructions (like doubling
the cube) are impossible.

Proposition 2.11. Let F,K, and L be fields such that F ⊆ K ⊆ L. Then the extension L/F
is algebraic if and only if both extensions L/K and K/F are algebraic.

Proof. For the direct implication, assume that L/F is algebraic. Then every element of K is
also an element of L, and so every element of K is algebraic over F . Hence K/F is algebraic.
In addition, if α ∈ L, then α is a root of some nonzero polynomial in F [x]. Since F [x] ⊆ K[x],
the element α is also algebraic over K. Thus, L/K is algebraic.
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For the reverse implication, assume that both L/K and K/F are algebraic. Take α ∈ L,
and let us prove that α is algebraic over F . Since L/K is algebraic, there exists a nonzero
polynomial

p(x) = xn + en−1x
n−1 + · · · + e1x+ e0 ∈ K[x]

having α as a root. Since K/F is algebraic, the coefficients e0, e1, . . . , en−1 are algebraic over
F . Set

E := F (e0, e1, . . . , en−1).

By repeated applications of the fact that a simple extension by an algebraic element is finite,
the extension E/F is finite. Moreover, p(x) ∈ E[x], and so α is algebraic over E. Hence
E(α)/E is finite. Therefore

[E(α) : F ] = [E(α) : E][E : F ] < ∞.

Thus, E(α)/F is algebraic. In particular, α is algebraic over F . Since α ∈ L was arbitrary,
the extension L/F is algebraic.

It turns out that the algebraic extensions are precisely those generated by finitely many
algebraic elements.

Proposition 2.12. Let L/K be a field extension. Then L/K is finite if and only if there
exist elements α1, . . . , αn ∈ L that are algebraic over K and L = K(α1, . . . , αn).

Proof. For the direct implication, assume that L/K is a finite extension of degree d = [L : K]
and let {α1, . . . , αd} be a basis for L as a K-vector space. Since this set generates L as a
vector space, it certainly follows that L = K(α1, . . . , αd). Now fix i ∈ J1, dK, and let us check
that αi ∈ L is algebraic over K: indeed, {1, αi, α

2
i , . . . , α

d
i } is linearly dependent over K as it

contains d+ 1 vectors and dimK L = d, so there exist c0, c1, . . . , cd ∈ K, not all zero, such that∑d
j=0 cjα

j
i = 0, implying that αi is a root of the non-constant polynomial ∑d

j=0 cjx
j ∈ K[x].

For the reverse implication, assume that L = K(α1, . . . , αn), where α1, . . . , αn are algebraic
over K. We proceed by induction on n. For the base case n = 1, the extension K(α1)/K
is simple. Since α1 is algebraic, let p(x) be its minimal polynomial of degree d1. Then
K(α1) ∼= K[x]/(p(x)), which has a K-basis {1, α1, . . . , α

d1−1
1 }. Thus, [K(α1) : K] = d1 < ∞.

Now assume the result holds for n− 1 elements. Let F = K(α1, . . . , αn−1). By the inductive
hypothesis, [F : K] < ∞. Since αn is algebraic over K, it is necessarily algebraic over the
larger field F . By the base case, [F (αn) : F ] < ∞. By Proposition 2.10,

[L : K] = [F (αn) : F ][F : K].

As both terms on the right-hand side are finite, their product is finite. Since L = F (αn), we
conclude that [L : K] < ∞.



20 CHAPTER 2. ALGEBRAIC FIELD EXTENSIONS AND NUMBER FIELDS

2.2 Separable Extensions and Primitive Element Theorem

In this section, we introduce separable field extensions and prove the Primitive Element
Theorem, which allows us to conclude that every finite field extension of Q is a simple
extension.

2.2.1 Separable Extensions

In the context of abstract algebra, the derivative is a purely algebraic map that does not
require the notion of limits. It serves as a diagnostic tool for the multiplicity of roots.

Definition 2.13. Let K be a field and let f(x) = ∑n
i=0 cix

i ∈ K[x]. The formal derivative of
f(x), denoted by f ′(x) or Df(x), is the polynomial

f ′(x) =
n∑

i=1
icix

i−1 ∈ K[x].

The main utility of the formal derivative lies in the following property regarding root
multiplicity.

Proposition 2.14. Let K be a field. A nonconstant polynomial f(x) ∈ K[x] has a multiple
root in some extension field if and only if gcd(f(x), f ′(x)) ̸= 1 in K[x].

Proof. Suppose α is a multiple root of f(x) in its splitting field. Then f(x) = (x− α)2g(x)
for some polynomial g(x). Taking the formal derivative using the product rule (which holds
algebraically), we have

f ′(x) = 2(x− α)g(x) + (x− α)2g′(x) = (x− α)
(
2g(x) + (x− α)g′(x)

)
.

Thus, x−α is a common factor of f(x) and f ′(x) in the splitting field, implying their greatest
common divisor in K[x] is nonconstant.

Conversely, if d(x) = gcd(f(x), f ′(x)) is nonconstant, then any root α of d(x) is a root of
both f(x) and f ′(x). Writing f(x) = (x− α)h(x), we find f ′(x) = h(x) + (x− α)h′(x). Since
f ′(α) = 0, it follows that h(α) = 0, which means (x − α) divides h(x). Therefore (x − α)2

divides f(x).

Our next goal is to introduce separable extensions. First, we introduce separable poly-
nomials and discuss how we can use formal derivatives as a tool to determine whether a
polynomial is separable. An irreducible polynomial p(x) ∈ K[x] is said to be separable if it
has no multiple roots in its splitting field.

By the previous proposition, an irreducible polynomial p(x) is separable if and only if
p′(x) ̸= 0.

Definition 2.15. A field extension L/K is called separable if every element of L is separable
over K.
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For a field F of characteristic zero and a nonconstant polynomial p(x) ∈ F [x], the
condition p′(x) = 0 is impossible, as the leading coefficient ncn cannot be zero for cn ̸= 0 and
n ∈ [[1, deg(p)]]. Thus, for fields of characteristic zero, such as Q and its extensions, we never
encounter the pathological behavior of multiple roots for irreducible polynomials.

Proposition 2.16. Let K be a field of characteristic zero. Every finite extension L/K of a
field K is separable.

Proof. Let L/K be a finite extension and let α ∈ L. We must show that α is separable over
K. Let p(x) ∈ K[x] be the minimal polynomial of α over K. Recall that a polynomial has
a multiple root in its splitting field if and only if it shares a common factor with its formal
derivative p′(x).

Suppose p(x) is not separable. Then there exists a root β in the splitting field such that
p(β) = 0 and p′(β) = 0. This implies that the greatest common divisor gcd(p(x), p′(x)) is a
nonconstant polynomial in K[x]. However, since p(x) is irreducible, its only factors in K[x]
are 1 and itself (up to units). Thus, we must have p(x) | p′(x). In any field, the degree of the
derivative satisfies deg(p′) ≤ deg(p) − 1. The only way for an irreducible polynomial to divide
its derivative is if p′(x) is the zero polynomial. Let p(x) = ∑n

i=0 aix
i. Then

p′(x) =
n∑

i=1
iaix

i−1.

For p′(x) = 0, each coefficient iai must be zero. Since we are in a field of characteristic zero,
i · 1 ̸= 0 for all i ∈ [[1, n]]. Therefore, we must have ai = 0 for all i ≥ 1. This would imply
that p(x) = a0 is a constant polynomial, which contradicts the fact that it is the minimal
polynomial of α. Thus, p′(x) cannot be zero, p(x) cannot divide p′(x), and p(x) must have no
multiple roots. We conclude that α is separable over K, and consequently, L/K is a separable
extension.

Proposition 2.17. Let L/K be an algebraic field extension. If K has characteristic 0, then
the extension L/K is separable.

Proof. Suppose first that K/Q is normal, and let σ : K → C be a Q-embedding. Take α ∈ K,
and let mα(x) ∈ Q[x] be the minimal polynomial of α over Q. By the previous lemma, σ(α)
is also a root of mα(x). Since K/Q is normal and mα(x) has the root α in K, the polynomial
mα(x) splits completely in K[x]. In particular, every root of mα(x) belongs to K, and so
σ(α) ∈ K. As this holds for every α ∈ K, we obtain σ(K) ⊆ K.

Conversely, suppose that σ(K) ⊆ K for every Q-embedding σ : K → C. Let f(x) ∈ Q[x]
be an irreducible polynomial having a root α ∈ K. We show that f(x) splits completely
in K[x]. Let β ∈ C be any root of f(x). Since f(x) is irreducible over Q, the assignment
α 7→ β determines a Q-isomorphism Q(α) → Q(β). As we are working in characteristic zero,
this isomorphism extends to a Q-embedding σ : K → C. By hypothesis, σ(K) ⊆ K, and
therefore β = σ(α) ∈ K. Thus every root of f(x) belongs to K, which means that f(x) splits
completely in K[x]. Hence K/Q is normal.
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It turns out that every finite separable extension is simple, and this result is known as the
Primitive Element Theorem.

Theorem 2.18 (Primitive Element Theorem). If L/K is a finite separable field extension,
then there exists θ ∈ L such that L = K(θ).

Proof. If K is a finite field, then so is L and so the multiplicative group L× is cyclic. If θ is a
generator of the group L× then L = K(θ). Therefore we assume K is infinite.

As the extension L/K is finite, L is the extension field of K by finitely many algebraic
elements. Thus, it suffices to assume that

L = K(α, β)

for some α, β ∈ L and prove that we can pick κ ∈ K such that L = K(α+ κβ). To do so, let
A(x), B(x) ∈ K[x] be the minimal polynomials of α and β, respectively. Set m := degA(x)
and n := degB(x), and let α = α1, α2, . . . , αm and β = β1, β2, . . . βn be the roots of A(x) and
B(x), respectively. Now pick κ ∈ K such that κ ̸= αi−α

β−βj
for any pair (i, j) ∈ J1,mK × J1, nK

with j ≠ 1, and then set γ := α + κβ ∈ L. Let us show that L = K(γ). As γ ∈ L, the
inclusion K(γ) ⊆ L holds. For the reverse inclusion, set F (x) := A(γ − κx) ∈ K(γ)[x] and
observe that F (β1) = F (β) = A(α) = 0, while F (βj) = A(γ − κβj) ̸= 0 when j ≥ 2 because
the intersection {

αi : i ∈ J1,mK
}

∩
{
α+ q(β − βj) : j ∈ J1, nK

}
is empty by our choice of κ. Then the only common root of F (x) and B(x) in L is β1
and, as the extension L/K is separable, gcd(F (x), B(x)) = x− β. Thus, from the fact that
F (x), B(x) ∈ K(γ)[x], we deduce that x − β ∈ gcd(F (x), B(x)) ∈ K(γ)[x], which implies
that β ∈ K(γ). In addition, α = (α+ κβ) − κβ ∈ K(γ). Hence L = K(α, β) ⊆ K(γ), which
completes the proof.

As Q is a field of characteristic zero, any algebraic extension of Q is separable. Then, in
light of the Primitive Element Theorem, every finite extension field of Q has the form Q(α)
for some algebraic number α,

Corollary 2.19. Every finite field extension L/Q is simple.

2.3 Number Fields and Rings of Integers

In this section, we formally introduced the most relevant arithmetic objects we are interested
in here: algebraic number fields and their corresponding rings of integers.

Definition 2.20. A subfield K of C is called an algebraic number field or, simply, a number
field provided that K is a finite dimensional vector space over Q. If K is a number field, then
[K : Q] denotes the dimension of K as a Q-vector space.
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The main algebraic objects we will discuss throughout this course are the subrings of C
we obtain by taking the integral closure of Z in K.

Definition 2.21. The integral closure of Z with respect to an algebraic number field K is
called the ring of integers of K and is denoted by OK .

Let us take a look at some examples.

Example 2.22. The simplest ring of integers is Z, which is the ring of integers of the number
field Q (as Z is a UFD, it is integrally closed in its field of fractions Q). ■

The next example concerns the ring of integers of the number field Q(i), which is known
as the ring of Gaussian integers.

Example 2.23 (The Gaussian Integers). As i is a root of the irreducible polynomial x2 + 1,
the field K := Q(i) is a number field with [K : Q] = 2. It follows from Theorem 2.4 that {1, i}
is a Q-basis for K as a vector space over Q, so

K = Q + Qi = {q + ri : q, r ∈ Q}.

Let us prove now that OK = Z[i]. To verify that Z[i] ⊆ OK , it suffices to observe that if
α := a+ bi ∈ Z[i] for some a, b ∈ Z, then α is a root of the monic polynomial

m(x) = (x− α)(x− ᾱ) = x2 − 2ax+ (a2 + b2) ∈ Z[x]

and so α ∈ OK . For the reverse inclusion, take α ∈ OK ⊆ Q(i) and write α = q + ri for some
q, r ∈ Q. If r = 0, then α = q and so the minimal polynomial of α is p(x) := x − q ∈ Z[x]
and so α = q ∈ Z ⊆ Z[x]. Thus, we assume that r ≠ 0. The fact that α ∈ Q(i) ensures that
[Q(α) : Q] divides [Q(i) : Q] = 2. As α /∈ Z, its minimal polynomial m(x) has degree 2, and so

mα(x) = (x− α)(x− ᾱ) = x2 + 2qx+ (q2 + r2).

As α ∈ OK , we see that 2q, q2 + r2 ∈ Z. Therefore (2q)2 + 4r2 ∈ 4Z, and so 4r2 ∈ Z or,
equivalently, 2r ∈ Z. Now the fact that 4 | (2q)2 + (2r)2 ensures that 2q and 2r have the same
parity, but they cannot be odd because 2 is not a quadratic residue modulo 4. Hence q, r ∈ Z,
and so α = q + ri ∈ Z[i]. Thus, the inclusion OK ⊆ Z[i] also holds, whence

OK = Z[i].

Example 2.24. Now that we have the norm at our disposal, let us use it to better understand
the arithmetic structure of the Gaussian ring of integers. First, let us find its group of units.
Claim 1. Z[i]× = {±1,±i} ∼= Z/4Z.
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Figure 2.1: Geometric representation of the ring of Gaussian integers Z[i].

Proof of Claim 1. It is clear that ±1 and ±i are all units of OK . Before we argue that
these are the only units, it is convenient to define N : OK → N0 as

N(α) = αᾱ = |α|2

for all α ∈ OK . Observe that

N(αβ) = (αβ)(αβ) = (αᾱ)(ββ̄) = N(α)N(β)

for all α, β ∈ OK . Now take u = a + bi ∈ O×
K for some a, b ∈ Z and then write uv = 1 for

some v ∈ OK . Then 1 = N(uv) = N(u) N(v), and so the fact that N(u),N(v) ∈ N0 ensures
that a2 + b2 = N(u) = 1. From this, we deduce that u ∈ {±1,±i}. Hence we conclude that

O×
K = {±1,±i} ∼= Z/4Z.

As a result, Claim 1 is already established.
It turns out that Z[i] is a UFD. Indeed, let us argue the following stronger claim.

Claim 2. Z[i] is a Euclidean domain.
Proof of Claim 2. We need to argue that, for any elements α, β ∈ OK with β ≠ 0, we can
write α = qβ + r for some q, r ∈ OK such that either r = 0 or N(r) < N(β). To do so, fix
α, β ∈ OK with β ≠ 0, and write α/β = q1 + iq2, where q1, q2 ∈ Q. Now take m,n ∈ Z such
that |q1 −m| ≤ 1/2 and |q2 − n| ≤ 1/2, and then set q = m+ in ∈ OK and r = α− qβ ∈ Z[i].
Observe that

N(r) = N(β) N
(α
β

− q
)

= N(β)
(
|q1 −m|2 + |q2 − n|2

)
≤ N(β)

2 < N(β).

As a consequence, we conclude that OK is a Euclidean domain with respect to the norm N .
In particular, OK is a UFD. Thus, the irreducibles of Z[i] are precisely its prime elements.

The Gaussian primes can be classified based on how the standard “rational” primes p ∈ Z
behave in the complex plane. ■



2.3. NUMBER FIELDS AND RINGS OF INTEGERS 25

We conclude this section discussing the pure cubic field Q( 3√2), the simplest and most
illuminating example of a cubic number field.

Example 2.25. Consider the number field K := Q(θ), where θ := 3√2. Observe that the
minimal polynomial of θ is

m(x) = x3 − 2,

which is irreducible by Eisenstein’s Criterion with p = 2. This immediately confirms that
[K : Q] = 3. The most natural basis for K as a vector space over Q is the power basis
B = {1, θ, θ2}, which is indeed a basis by Theorem 1.13. As a consequence, we can write

K = Q + Qθ + Qθ2.

Next, we turn our attention to determining the ring of integers OK . Let α = a+ bθ+ cθ2 ∈ K
with a, b, c ∈ Q. Observe that if θ := θ(1), θ(2), and θ(3) are the roots of m(x), then for any
index i ∈ J1, 3K there is a unique field isomorphism ηi : Q(θ) → Q(θ(i)) such that ηi(θ) = θ(i).
Define a map N : K → Q as follows:

N(α) := η1(α)η2(α)η3(α)

for all α ∈ K (cf. the norm N we define in Example 2.23). As an exercise, one can verify the
following two facts:

(i) N(a+ bθ + cθ2) = a3 + 2b3 + 4c3 − 6abc for all a, b, c ∈ Q,

(ii) N(OK) ⊆ Z.

Claim 1. OK = Z[ 3√2].
Proof of Claim 1. It is clear that Z[ 3√2] ⊆ OK . For the reverse inclusion, take α =
a + bθ + cθ2 ∈ OK , where a, b, c ∈ Q. Write a = A/d, b = B/d, and c = C/d for some
A,B,C, d ∈ Z with d ̸= 0. After substituting (a, b, c) by (A/d,B/d,C/d) in condition (i),
condition (ii) ensures that

A3 + 2B3 + 4C3 − 6ABC ≡ 0 (mod d3).

For d = 2, we obtain that A3 ≡ 0 (mod 2) and so A is even. Write A = 2A′ for some
A′ ∈ Z. Substituting back leads to 2B3 ≡ 0 (mod 4), so B is also even. This recursion shows
a, b, c ∈ Z. Thus,

OK = Z[ 3√2].

Claim 2. O×
K = {±(1 + 3√2 + 3√4)n : n ∈ Z}.

Proof of Claim 2. An element α ∈ OK is a unit if |NK/Q(α)| = 1. By the identity
x3 − y3 = (x− y)(x2 + xy + y2), we substitute x = 3√2 and y = 1:

1 = ( 3√2)3 − 13 = ( 3√2 − 1)( 3√4 + 3√2 + 1).
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This identifies ε = 1 + 3√2 + 3√4 as a unit. Since K ∩ R = K and the only roots of unity in
R are ±1, and since ε > 1 is the smallest unit obtained by small integer search in the norm
equation,

O×
K = {±(1 + 3√2 + 3√4)n : n ∈ Z}.

2.4 Quadratic Number Fields

In the following example we show that a number field K is a 2-dimensional vector space over
Q if and only if K = Q(

√
d) for some square-free d ∈ Z with d ̸= 1.

Example 2.26. First, assume that K is a number field with [K : Q] = 2. In light of the
Primitive Element Theorem, we can take α ∈ K such that K = Q(α). Because [K : Q] = 2,
the minimal polynomial of α over Q must have the form m(x) := x2 + bx+ c for some b, c ∈ Q.
The roots of m(x) are the following:

α = −b±
√
b2 − 4c

2 .

Let D = b2 − 4c. Since α /∈ Q (otherwise the degree would be 1), the rational D cannot
be a square in Q. From the expression for α, it is clear that α ∈ Q(

√
D). Conversely,√

D = ±(2α+ b), so
√
D ∈ Q(α). Thus,

K = Q(α) = Q(
√
D).

Now write D = p
q for p, q ∈ Z and q ̸= 0. Then

√
D =

√
pq

q2 = 1
|q|

√
pq.

Thus, Q(
√
D) = Q(√pq). Let N = pq and write N = s2d for some s, d ∈ Z such that d is

square-free. Then
√
N =

√
s2d = s

√
d. Since s ∈ Z, it follows that

K = Q(
√
D) = Q(

√
N) = Q(

√
d).

We just need to observe now that s ̸= 1 as otherwise K =
√

1 = Q.
Conversely, let d be a (nonzero) square-free integer with d ≠ 1, and let us argue that

K := Q(
√
d) is a number field such that {1,

√
d} is a basis for K as a vector space over Q. To

determine the minimal polynomial of
√
d, we consider the following two cases.

• d = −1. In this case,
√
d = i, which is a root of the monic irreducible polynomial

x2 + 1 ∈ Z[x]. Hence x2 + 1 is the minimal polynomial of
√
d.

• d ≠ −1. In this case, |d| ≥ 2. Then we can take p ∈ P such that p | d but p2 ∤ d, whence
the polynomial x2 − d ∈ Z[x] is irreducible by Eisenstein’s criterion at the prime ideal
(p). Therefore x2 − d must be the minimal polynomial of

√
d.
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Theorem 2.4 ensures that K is a number field such that {1,
√
d} is a basis for K as a vector

space over Q. Hence we can write

K = Q + Q
√
d = {q + r

√
d : q, r ∈ Q}.

■

2.5 Exercises – Algebraic Field Extensions and Number Fields

Throughout the list of exercises, assume that L/K is a field extension.

Exercise 2.1. Prove that, for any α ∈ L is algebraic over K, there is a unique monic
polynomial mα(x) ∈ K[x] that vanishes at α and divides any other polynomial in K[x]
vanishing at α.

Exercise 2.2. For distinct primes p and q, find α ∈ A such that Q(√p,√q) = Q(α).

Exercise 2.3. Let K ⊆ F ⊆ L be a tower of fields. Prove that L/K is finite if and only if
L/F and F/K are finite, in which case [L : K] = [L : F ][F : K].

Exercise 2.4. Let L/K be a field extension. Prove that L/K is finite if and only if there
exist elements α1, . . . , αn ∈ L that are algebraic over K and L = K(α1, . . . , αn).

Exercise 2.5. Determine the group of units of Z[
√

−3], the Eisenstein ring of integers.

Exercise 2.6.

1. Prove that Z[
√

2] is a Euclidean domain.

2. Prove that Z[ 3√2] is a Euclidean domain.

Exercise 2.7. Prove that Z[
√

−5] is not a UFD.
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Chapter 3

The Additive Structure of Rings of
Integers

In this section, we study the additive structure of rings of integers. First, we introduce the
norm and trace of a number field, which will be crucial tools in what follows. Then we prove
that the ring of integers OK is a free Z-module of rank [K : Q].

3.1 Q-Embeddings, Conjugates, and Normality

Let K be a number field of degree n = [K : Q]. A Q-embedding of K is an injective field
homomorphism σ : K → C such that σ|Q = idQ. Let us take a look at some examples.

Lemma 3.1. Let σ : K → C be an embedding of a number field K, and let m(x) ∈ Q[x]. If
ρ ∈ K is a root of m(x), so is σ(ρ).

Proof. Write m(x) = ∑d
i=0 cix

i ∈ Q[x]. Since σ is a Q-embedding, σ(ci) = ci for every
i ∈ J0, dK, whence

m(σ(ρ)) =
d∑

i=0
ciσ(ρ)i =

d∑
i=0

σ(ciρ
i) = σ

( d∑
i=0

ciρ
i
)

= σ(m(ρ)) = σ(0) = 0.

Thus, σ(ρ) is also a root of m(x).

As a consequence of Lemma 3.1, every Q-embedding of a number field Q(α) permutes the
roots of the minimal polynomial of α. Let us take a look at two examples.

Example 3.2. Consider the Gaussian number field K = Q(i). If σ : K → C is a Q-embedding
of K, then σ(i) must be a root of x2 + 1, which means that σ(i) = i or σ(i) = −i. If σ(i) = i,
then σ : Q(i) → Q(i) is the identity field homomorphism. Otherwise, σ(i) = −i, in which case,
σ is the conjugation field isomorphism, which means that σ(q + ri) = q − ri for all q, r ∈ Q.

29
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Example 3.3. Consider the number field K = Q(α), where α := 3√2. Now let ζ = e2πi/3.
The minimal polynomial of α is x3 − 2, whose roots are α, ζα, and ζ2α. Thus, if σ is a
Q-embedding, then σ(α) ∈ {α, ζα, ζ2α}. We can actually check that, for each i ∈ J1, 3K,
the map σi : K → C fixing Q and satisfying σi(α) = ζiα is a Q-embedding. Hence the
Q-embeddings of K are σ1, σ2, and σ3.

Let K = Q(α) be a number field of degree n. Let f(x) ∈ Q[x] be the minimal polynomial
of α, and let α1, α2, . . . , αn ∈ C be the n distinct roots of f(x). The elements α1, . . . , αn are
called the conjugates of α.

Theorem 3.4. For an algebraic α ∈ C, consider the number field K := Q(α), and let
α1, . . . , αn be the conjugates of α, where n := [K : Q]. Then the following statements hold.

1. For every i ∈ J1, nK, the map σi : K → Q(αi) ⊆ C defined by the assignment σi(α) = αi

is a field isomorphism and so a Q-embedding.

2. There are precisely n Q-embeddings of K into C, namely, σ1, . . . , σn.

Proof. Take a nonzero element α ∈ I. Since α ∈ OK , the element α is an algebraic integer.
Let

mα(x) = xn + an−1x
n−1 + · · · + a1x+ a0 ∈ Z[x]

be the minimal polynomial of α over Q. Since α ̸= 0, we have a0 ̸= 0. Evaluating the equality
mα(α) = 0, we obtain

α(αn−1 + an−1α
n−2 + · · · + a1) = −a0.

The element inside the parentheses belongs to OK , and I is an ideal of OK . Since α ∈ I, it
follows that −a0 ∈ I. But −a0 ∈ Z and a0 ≠ 0, so I ∩ Z contains the nonzero integer −a0.
Hence I ∩ Z ̸= {0}.

Let us introduce another relevant type of field extensions.

Definition 3.5. An algebraic extension L/K is called a normal extension if every irreducible
polynomial f(x) ∈ K[x] that has at least one root in L actually splits completely in L[x].

Let us take a look at a couple of examples.

Example 3.6. Set L = Q(
√

2,
√

3). We claim that L/Q is a normal extension. One way to
see this is to observe that L is the splitting field over Q of the polynomial

p(x) := (x2 − 2)(x2 − 3) ∈ Z[x].

Indeed, the roots of x2 − 2 are ±
√

2, and the roots of x2 − 3 are ±
√

3, all of which belong to
L. Conversely, any field over Q in which this polynomial splits must contain both

√
2 and√

3, and therefore must contain Q(
√

2,
√

3) = L. Thus, L is exactly the smallest field over Q
containing all the roots of this polynomial. Since a splitting field of a polynomial over a field
of characteristic zero is normal, it follows that L/Q is normal.
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Example 3.7. Set L = Q( 3√2). The minimal polynomial of 3√2 is f(x) = x3 − 2. While
3√2 ∈ L, the other two roots of f(x) are non-real: they are 3√2ω and 3√2ω2, where ω is a

primitive cube root of unity. Since these two non-real roots are not in L ⊂ R, the extension is
not normal. ■

Normal extensions can be characterized using Q-embeddings as follows.

Proposition 3.8. For a number field K, the following conditions are equivalent.

(a) K/Q is a normal extension.

(b) σ(K) ⊆ K for every Q-embedding σ : K → C.

Proof. First, assume that K/Q is normal, and let σ : K → C be a Q-embedding. Take α ∈ K,
and let m(x) ∈ Q[x] be the minimal polynomial of α over Q. By Lemma 3.1, σ(α) is also a
root of m(x). Since K/Q is normal and m(x) has the root α in K, the polynomial m(x) splits
completely in K[x]. In particular, every root of mα(x) belongs to K, and so σ(α) ∈ K. As
this holds for every α ∈ K, we obtain σ(K) ⊆ K.

Now assume that σ(K) ⊆ K for every Q-embedding σ : K → C. Let f(x) ∈ Q[x] be an
irreducible polynomial having a root α ∈ K. We show that f(x) splits completely in K[x].
Let β ∈ C be any root of f(x). Since f(x) is irreducible over Q, the assignment α 7→ β
determines a Q-isomorphism Q(α) → Q(β). As we are working in characteristic zero, this
isomorphism extends to a Q-embedding σ : K → C. By hypothesis, σ(K) ⊆ K, and therefore
β = σ(α) ∈ K. Thus every root of f(x) belongs to K, which means that f(x) splits completely
in K[x]. Hence K/Q is normal.

We conclude this section revisiting Example 3.6.

Example 3.9. Let L/Q be the normal extension discussed in Example 3.6, where L :=
Q(

√
2,

√
3). Let us argue normality through the embedding criterion above. To argue that√

3 /∈ Q(
√

2), assume towards a contradiction that this is not the case and write
√

3 = a+ b
√

2
for some a, b ∈ Q. Squaring yields 3 = a2 +2b2 +2ab

√
2, forcing ab = 0, which quickly leads to

a contradiction. Hence [L : Q] = 4, and a convenient Q-basis for L is {1,
√

2,
√

3,
√

6}. Every
Q-embedding σ : L → C must send

√
2 to a root of x2 −2 and

√
3 to a root of x2 −3. Therefore

σ(
√

2) ∈ {
√

2,−
√

2} and σ(
√

3) ∈ {
√

3,−
√

3}. The signs can be chosen independently, so
there are four Q-embeddings of L into C. For example, one such embedding fixes

√
2 and

sends
√

3 to −
√

3, while another sends both
√

2 and
√

3 to their negatives. In all cases, an
element a+ b

√
2 + c

√
3 + d

√
6, where a, b, c, d ∈ Q, is sent to another element of L, since only

the signs of
√

2,
√

3, and
√

6 change. Hence σ(L) ⊆ L for every Q-embedding σ : L → C. By
the preceding proposition, L/Q is normal. Equivalently, every irreducible polynomial in Q[x]
having one root in L has all of its conjugate roots in L. ■

Remark 3.10. In the context of normal extensions, every Q-embedding is an element of the
automorphism group Aut(K/Q). For such extensions, the study of embeddings is equivalent
to the study of the Galois group.
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Next we prove Dedekind’s lemma on the independence of characters as it is convenient to
establish our next result.

Theorem 3.11 (Dedekind’s Lemma). Let E and F be fields. Let σ1, . . . , σn be distinct field
homomorphisms from E to F . Then σ1, . . . , σn are linearly independent over F .

Proof. Suppose, by way of contradiction, that we can take n ∈ N such that there exists a
nontrivial linear dependence c1σ1 + · · · + cnσn = 0 with c1, . . . , cn ∈ F \ {0}. Furthermore,
assume that we have taken n as small as it can be. By the base case, n = 1, we know n > 1.
Since σ1 ̸= σn, there exists γ ∈ E such that σ1(γ) ̸= σn(γ). For any α ∈ E,

n∑
j=1

cjσj(γα) =
n∑

j=1
cjσj(γ)σj(α) = 0. (3.1)

Multiplying the original dependence ∑n
j=1 cjσj(α) = 0 by σn(γ) gives

n∑
j=1

cjσn(γ)σj(α) = 0. (3.2)

After subtracting (3.2) from (3.1), we see that
n−1∑
j=1

cj(σj(γ) − σn(γ))σj(α) = 0.

This is a linear dependence of n− 1 characters. Since c1 ≠ 0 and σ1(γ) − σn(γ) ̸= 0, the first
coefficient is non-zero. This contradicts the minimality of n. Therefore the characters are
linearly independent.

For a number field K with Q-basis ω1, . . . , ωn and Q-embeddings σ1, . . . , σn : K → C, the
matrix (σj(ωi))i,j will play a relevant role in coming sections. As an application of Dedekind’s
lemma, we will verify that the matrix (σj(ωi))i,j is invertible.

Lemma 3.12. Let K be a number field with Q-basis ω1, . . . , ωn, and let σ1, . . . , σn : K → C
be the Q-embeddings of K. Then the matrix (σj(ωi))i,j is invertible.

Proof. Suppose, for the sake of contradiction, that the matrix Ω = (σj(ωi))i,j is not invertible.
Then the columns of Ω must be linearly dependent over C. Thus, there exist c1, . . . , cn ∈ C,
not all zero, such that for every row i ∈ J1, nK,

n∑
j=1

cjσj(ωi) = 0.

For any element α ∈ K, we can write α in terms of the basis as α = ∑n
i=1 qiωi for some

q1, . . . , qn ∈ Q. Multiplying the above equation by qi and summing over i, we obtain
n∑

j=1
cjσj(α) =

n∑
j=1

cjσj

(
n∑

i=1
qiωi

)
=

n∑
i=1

qi

 n∑
j=1

cjσj(ωi)

 = 0.
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Since this holds for every α ∈ K, the nontrivial linear combination c1σ1 + · · · + cnσn of the
embeddings vanishes identically on K. However, Dedekind’s lemma states that any set of
distinct field homomorphisms from a field K into another field L is linearly independent
over L. Because the Q-embeddings σ1, . . . , σn are distinct homomorphisms into C, they
must be linearly independent. This contradicts our assumption that a nontrivial linear
combination vanishes. Therefore, the matrix Ω must be invertible, and its determinant det(Ω)
is nonzero.

3.2 Norm and Trace

The main purpose of this section is to introduce the norm and the trace of a number field,
and discuss the main properties.

For the rest of this section, we let K be a number field. For each α ∈ K, we can consider
the linear operator Φα on K given by multiplication by α: the determinant and the trace of
Φα play a crucial role in the investigation of the ring of integers of K. Let us introduce them
in a formal way.

Definition 3.13. Let K be an algebraic number field, and for each α ∈ K, consider the
linear operator on K given by multiplication by α:

Φα : K → K, where Φα(β) = αβ

for all β ∈ K. The norm and the trace of K are the maps N,Tr: K → Q defined as follows:
for all α ∈ K,

NK(α) = det(Φα) and TrK(α) = TrK(Φα).

It turns out that TrK is linear and NK is multiplicative.

Proposition 3.14. For a number field K, the following statements hold.

1. The trace of K is a Q-linear map: for all q, r ∈ Q and α, β ∈ K,

TrK(qα+ rβ) = qTrK(α) + rTrK(β).

2. The norm of K is multiplicative: for all α, β ∈ K,

NK(αβ) = NK(α) NK(β).

Proof. (1) Fix q, r ∈ Q and α, β ∈ K. For each γ ∈ K,

Φqα+rβ(γ) = (qα+ rβ)γ = q(αγ) + r(βγ) = qΦα(γ) + rΦβ(γ) = (qΦα + rΦβ)(γ).
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This implies that Φqα+rβ = qΦα + rΦβ . Using now the linearity of the trace operator in linear
algebra,

TrK(qα+ rβ) = Tr(Φqα+rβ) = Tr(qΦα + rΦβ) = qTr(Φα) + rTr(Φβ).

As a consequence, the trace TrK is a linear map.
(2) To argue that the norm NK is a multiplicative map, fix α, β ∈ K. We first observe

that, for each γ ∈ K,

Φαβ(γ) = (αβ)γ = α(βγ) = Φα(Φβ(γ)) = (Φα ◦ Φβ)(γ).

This shows that Φαβ = Φα ◦ Φβ . Using the multiplicative property of the determinant, we can
proceed as follows:

NK(αβ) = det(Φαβ) = det(Φα ◦ Φβ) = det(Φα) det(Φβ) = NK(α) NK(β).

Thus, the norm is multiplicative, as desired.

It turns out that both NK(α) and TrK(α) are integers when α ∈ OK . In its proof we use
the Kronecker delta function δj,k, which is defined by δj,k = 1 if j = k and δj,k = 0 otherwise.

Proposition 3.15. Let K be a number field with ring of integers OK . Then TrK(OK) ⊆ Z
and NK(OK) ⊆ Z.

Proof. Set n := [K : Q] and fix a Q-basis {ω1, . . . , ωn} for K. Now take α ∈ OK and let
m(x) ∈ Z[x] be the minimal polynomial of α. Then let α(1), . . . , α(n) be the conjugates of α
and assume that α(1) := α. For each index i ∈ J1, nK, write

αωi =
n∑

j=1
qi,jωj , (3.3)

where qi,j ∈ Q for every j ∈ J1, nK. Observe that, for each index k ∈ J1, nK, there is a unique
field isomorphism ϕk : Q(α) → Q(α(k)) fixing Q such that ϕk : α 7→ α(k): set β(k) := ϕk(β) for
all β ∈ Q(α) and observe that

n∑
j=1

δj,kα
(j)ω

(j)
i = α(k)ω

(k)
i =

n∑
j=1

qi,jω
(k)
j (3.4)

for all i, k ∈ J1, nK, where the second equality results from applying ϕk to both sides of (3.3).
Then we can write the equality (3.4) in compact form as follows:

ΩD = QΩ,

where D := (α(i)δi,j), Ω = (ω(j)
i ), and Q = (qi,j). We can prove that the matrix Ω is an

invertible matrix (see exercises). Thus, Q = ΩDΩ−1. Because D is the diagonal matrix having
α(i) in its (i, i) position for every i ∈ J1, nK, we see that

NK(α) = det(Q0) =
n∏

i=1
α(i) and TrK(α) = TrK(Q0) =

n∑
i=1

α(i).
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As |
∑n

i=1 α
(i)| and |

∏n
i=1 α

(i)| are two coefficients of m(x), we conclude that both NK(α) and
TrK(α) are integers.

We can compute the trace and the norm of a number field K in terms of the Q-embeddings
of K as follows.

Proposition 3.16. Let K be a number field with n := [K : Q], and let σ1, . . . , σn : K → C be
the n distinct Q-embeddings of K into C. If TrK ,NK : K → Q are the trace and norm of K,
then

TrK =
n∑

k=1
σk and NK =

n∏
k=1

σk.

Proof. Take α ∈ K, and let mα(x) ∈ Q[x] be the minimal polynomial of α. Set d := degmα(x)
and let α1, . . . , αd be the conjugates of α. Let Φα : K → K be the operator that multiplies
every element by α, that is, Φα(β) = αβ for all β ∈ K, and let λ1, . . . , λn be the eigenvalues
of Φα, which are the roots of the characteristic polynomial χα(x) of Φα. Then

TrK(α) = Tr(Φα) =
n∑

i=1
λi = n

d

d∑
i=1

αi and NK(α) = det(Φα) =
n∏

i=1
λi =

( d∏
i=1

αi

)n/d

,

where both last equalities hold because χα(x) = mα(x)n/d. Therefore if σ1, . . . , σn are the
Q-embeddings of K into C, then the sequence σ1(α), . . . , σn(α) contains exactly n/d copies of
αi for every i ∈ J1, dK: this is because each of the d Q-embeddings of Q(α) into C extends to
a Q-embedding K → C in exactly n/d distinct ways. Hence

TrK(α) = n

d

d∑
i=1

αi =
n∑

i=1
σi(α) and NK(α) =

( d∏
i=1

αi

)n/d

=
n∏

i=1
σi(α).

In the following example we compute the norm and trace of any given quadratic number
field.

Example 3.17. Let K be a quadratic number field. We have seen before that we can write
K = Q(

√
d) for some square-free d ∈ Z with d ̸= 1. Since {1,

√
d} is a basis of K over Q, we

can write Q(
√
d) = Q + Q

√
d. The two Q-embeddings of K into C are determined by the two

possible images of
√
d:

σ1(
√
d) =

√
d and σ2(

√
d) = −

√
d.

Thus, for α = q + r
√
d, the conjugate of α is

ᾱ := σ2(α) = q − r
√
d.

The trace and norm of α from K to Q are then given by the sum and product of the conjugates:

TrK(α) = α+ ᾱ and NK(α) = αᾱ.
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Therefore
TrK(q + r

√
d) = 2q and NK(q + r

√
d) = q2 − dr2.

These formulas also follow directly from linear algebra. With respect to the Q-basis
{1,

√
d}, multiplication by α = q + r

√
d is represented by the matrix(

q rd
r q

)
,

because α · 1 = q + r
√
d and α ·

√
d = rd + q

√
d. The trace of this matrix is 2q, and its

determinant is q2 − dr2, agreeing with the formulas above.
The norm is multiplicative, so NK(αβ) = NK(α) NK(β) for all α, β ∈ K, while the trace

is additive and Q-linear. In particular, if α is an algebraic integer in K, then both TrK(α)
and NK(α) lie in Z. These two quantities recover the quadratic polynomial satisfied by α:

x2 − TrK(α)x+ NK(α) = 0.

Thus, in a quadratic field, the norm and trace measure the two basic symmetric pieces of
information coming from the two conjugates of an element. ■

3.3 Existence of Integral Basis

In this section, we prove that every ring of integers has an integral basis, which is a basis as a
Z-module. In order to do so, we need to understand the Z-submodules of a finite-rank free
Z-module.

3.3.1 Submodules of a Finite-Rank Free Module

Before examining the structural properties of submodules over the ring of integers, we establish
some basic notions and terminology of module theory, generalizing the familiar geometric
intuition of vector spaces over fields to modules over a commutative ring with identity.

Let M be an R-module, where R is a commutative ring with identity, and let B be a
subset of the R-module M .

• B is said to be linearly independent over R if, for any distinct elements β1, . . . , βn ∈ B
and coefficients c1, . . . , cn ∈ R, the relation ∑n

i=1 ciβi = 0 implies c1 = · · · = cn = 0.

• B is called a generating set for M if every element m ∈ M can be written as m =∑n
i=1 ciβi for some c1, . . . , cn ∈ R and β1, . . . , βn ∈ B.

• B is a basis for M if every element of M can be uniquely expressed as a finite R-linear
combination of elements in B.
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An R-module M is called a free R-module if it possesses a basis B. Because R is
commutative, the cardinality of any basis for a given free R-module M is invariant, and this
is defined as the rank of M , denoted rankR(M). If M is a free R-module of finite rank k,
then M ∼= Rk.

Example 3.18. For a commutative ring R with identity, the standard R-module M = Rk

is free of rank k over R with the canonical basis {e1, e2, . . . , ek}. In particular, Zk is a free
Z-module of rank k.

Example 3.19. Let K be a number field of degree d = [K : Q], and let OK denote its ring of
integers. It is clear that OK is a Z-module. Moreover, we will prove in this section that OK is
a free Z-module of rank d. A Z-basis for OK as a Z-module is called an integral basis for K,
yielding an isomorphism of abelian groups OK

∼= Zd.

As Z is a PID, every finitely generated Z-module can be decomposed as the direct sum of
a torsion submodule and a finite-rank free Z-module, and the rank of the free part does not
depend on the decomposition. The following result is central to the classification theorem of
finitely generated abelian groups.

Proposition 3.20. Every submodule of a free Z-module of finite rank k is a free Z-module of
rank at most k.

Proof. We proceed by mathematical induction on the rank k of the free Z-module. For the
base case k = 1, let M be a free Z-module of rank 1, meaning M ∼= Z. An R-submodule
N ⊆ M corresponds directly to an ideal of Z. Since every ideal of Z is principal, as an ideal
of Z, we see that N = nZ. If n = 0, then N = {0}, which is a free Z-module of rank 0. If
n ≠ 0, then N = nZ. The map ϕ : Z → nZ defined by x 7→ nx is an isomorphism because Z
has no zero divisors. Thus, N ∼= Z, which is a free Z-module of rank 1. In both scenarios, N
is free and rank(N) ≤ 1.

For the inductive step, assume that the hypothesis holds true for all free Z-modules of
rank less than k. Let M be a free Z-module of rank k ≥ 2, and let {x1, x2, . . . , xk} be a basis
for M . We define a projection homomorphism π : M → Z that isolates the coefficient of the
final basis element as follows:

π(c1x1 + c2x2 + · · · + ckxk) = ck

Let N be an arbitrary submodule of M . We restrict the projection mapping to N , denoting
it as π|N : N → Z. The image π(N) constitutes a submodule (an ideal) of Z. By our baseline
analysis, π(N) is principal, hence π(N) = dZ for some d ∈ Z. The kernel of this restricted
homomorphism is

ker(π|N ) = N ∩ ker(π) = N ∩ spanZ(x1, . . . , xk−1)

Notice that ker(π|N ) is a submodule of spanZ(x1, . . . , xk−1), which is explicitly a free Z-module
of rank k − 1. Applying our inductive hypothesis, ker(π|N ) must be a free Z-module of rank
m ≤ k − 1. Let {y1, y2, . . . , ym} be a basis for ker(π|N ).
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We now evaluate the structure of N based on the ideal π(N).

Case 1: π(N) = {0}. If the image is trivial, it follows immediately that N = ker(π|N ).
Therefore, N is a free Z-module of rank m ≤ k − 1 < k, which satisfies the claim.

Case 2: π(N) = dZ with d ≠ 0. Take an element z ∈ N such that π(z) = d. This structure
can be framed within the context of a short exact sequence:

0 −→ ker(π|N ) −→ N
π|N−→ dZ −→ 0

Because dZ ∼= Z is a free Z-module, it is inherently projective. Consequently, the short exact
sequence splits, which implies that:

N ∼= ker(π|N ) ⊕ dZ

Concretely, every element n ∈ N can be uniquely expressed in the form n = u+ cz, where
u ∈ ker(π|N ) and c ∈ Z. Thus, the set {y1, y2, . . . , ym, z} forms a linearly independent
generating set for N . The rank of N is precisely m + 1. Given our inductive constraint
m ≤ k − 1, we conclude that

rank(N) = m+ 1 ≤ (k − 1) + 1 = k

Hence N is a free Z-module of rank at most k. By the principle of mathematical induction,
the theorem holds universally for all finite ranks k.

Before proving that OK is a free Z-module of rank [K : Q], let us argue some lemmas.

Lemma 3.21. For any α ∈ A, there exists a nonzero d ∈ Z such that dα is an algebraic
integer.

Proof. Fix α ∈ A, and let m(x) := xn +∑n−1
i=1 qix

i ∈ Q[x] be the minimal polynomial of α.
Then set d := ∏n−1

i=0 d(qi) and observe that

p(dα) = (dα)n +
n−1∑
i=0

dn−iqi(dα)i = dn
(
αn +

n−1∑
i=0

qix
i
)

= dnm(α) = 0.

Therefore dα is a root of the monic polynomial p(x) := xn + ∑n−1
i=0 d

n−iqix
i. In addition,

d(qi) | d for every i ∈ J0, n− 1K, and so p(x) ∈ Z[x]. Hence dα is an algebraic integer.

Lemma 3.22. Let K be a number field, and define B : K ×K → Q by B(x, y) := TrK(xy).
Then B is a non-degenerate bilinear form.

Proof. First observe that B is bilinear because the trace map TrK : K → Q is Q-linear and
multiplication in K is distributive. Indeed, for any x, x′, y ∈ K and any a, b ∈ Q, we have

B(ax+ bx′, y) = TrK((ax+ bx′)y) = aTrK(xy) + bTrK(x′y) = aB(x, y) + bB(x′, y),
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and the same argument applies in the second coordinate.
It remains to prove that B is non-degenerate. Take a nonzero element x ∈ K. Since K is

a field, x−1 ∈ K. Therefore

B(x, x−1) = TrK(xx−1) = TrK(1).

If n := [K : Q], then multiplication by 1 is the identity map on the n-dimensional Q-vector
space K, and so TrK(1) = n. Since Q has characteristic zero, n ≠ 0. Hence B(x, x−1) ̸= 0.
Thus, no nonzero element of K is orthogonal to every element of K, and so B is non-
degenerate.

Let K be a number field and set n := [K : Q]. Define B : K × K → Q as follows:
B(x, y) = TrK(xy) for all x, y ∈ K. Observe that B is a bilinear form. Since K is an algebraic
extension of Q, it is separable. Thus, the bilinear form B is non-degenerate. One can use this
to prove the following lemma.

Lemma 3.23. For any basis {β1, . . . , βn} of K over Q, there exists a dual basis {β∗
1 , . . . , β

∗
n}

such that TrK(β∗
i βj) = δij for all i, j ∈ J1, nK.

Proof. Exercise.

At this point we have all the tools we need to prove that the Z-module OK is a free
Z-module of rank [K : Q].

Theorem 3.24 (Existence of Integral Bases). Let K be an algebraic number field such that
[K : Q] = n. Then OK is a free Z-module of finite rank n.

Proof. Let us argue first that OK contains a free Z-module of rank n. To do so, take
v1, . . . , vn ∈ K such that {v1, . . . , vn} is a Q-basis for K. In light of Lemma 3.21, after
replacing {v1, . . . , vn} by {cv1, . . . , cvn} for some c ∈ N, we can assume the existence of a
basis {β1, . . . , βn} of K over Q such that ⊕n

i=1 Zβi ⊆ OK . As ⊕n
i=1 Zβi is a free Z-module of

rank n, we obtain that the rank of OK as a Z-module is at least n.
We now prove that the rank of OK as a Z-module is at most n. For each α ∈ K, consider the

linear map α∗ : K → K defined as α∗(β) = αβ for all β ∈ K. Now set O∗
K := {α∗ : α ∈ OK}.

It is clear that OK and O∗
K are isomorphic as Z-modules. Let us argue that there exists a

basis β∗
1 , . . . , β

∗
n of K∗ such that O∗

K ⊆
⊕n

i=1 Zβ∗
i .

For this, choose a basis {β1, . . . , βn} for K such that {β1, . . . , βn} ⊆ OK . Because the
function K ×K → Q defined as (x, y) 7→ TrK(xy) for all x, y ∈ K is a non-degenerate bilinear
form, there exists a dual basis {β∗

1 , . . . , β
∗
n} of K∗ such that

TrK(β∗
j βi) = δij

for all i, j ∈ J1, nK. Now take α∗ ∈ O∗
K and write α∗ as a Q-linear combination of the dual

basis:
α∗ =

n∑
j=1

cjβ
∗
j (3.5)
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for some c1, . . . , cn ∈ Q. To argue that the coefficients c1, . . . , cn are integers, we use the trace
form: for each i ∈ J1, nK,

TrK(α∗βi) = TrK

( n∑
j=1

cjβ
∗
j βi

)
=

n∑
j=1

cj TrK(β∗
j βi) = ci.

As α ∈ OK and {β1, . . . , βn} ⊂ OK , we obtain that ci = TrK(α∗βi) = TrK(αβi) ∈ Z for every
i ∈ J1, nK. Hence it follows from (3.5) that α∗ ∈

∑n
j=1 Zβ∗

j . Thus, O∗
K ⊆

∑n
j=1 Zβ∗

j , and so
we have proved that

n∑
j=1

Zβj ⊆ OK
∼= O∗

K ⊆
n∑

j=1
Zβ∗

j .

Thus, as both ∑n
j=1 Zβj and ∑n

j=1 Zβ∗
j are free Z-modules of rank n, we conclude that OK is

a free Z-module of rank n.

In the following example, we determine the ring of integers of any quadratic number field
by determining a convenient integral basis.

Example 3.25. Let K be a quadratic number field, and let d ∈ Z be a square-free integer
such that K = Q(

√
d). Now take α ∈ OK . Write α = q + r

√
d for some q, r ∈ Q. If r = 0

then α = q ∈ Q, which is an algebraic integer if and only if q ∈ Z.
Now assume r ≠ 0. The minimal polynomial of α over Q is x2 − 2qx+ (q2 − r2d). For α

to be an algebraic integer, the coefficients must be in Z, and so we can write q = m
2 for some

m ∈ Z and q2 − r2d ∈ Z. Let r = u
v in lowest terms, where gcd(u, v) = 1. Substituting q = m

2
into q2 − r2d ∈ Z, one sees that m2

4 − u2

v2 d ∈ Z, which in turn implies that

m2v2 ≡ 4u2d (mod 4v2).

If an odd prime p divides v, then p2 | v2, implying p2 | 4u2d. Since gcd(u, v) = 1, we must
have p2 | d, which contradicts that d is square-free. If 4 | v, then 16 | 4v2, forcing an impossible
power of 2 to divide 4d. Thus, the only allowable denominators are v = 1 or v = 2.

If v = 1, then r ∈ Z, which forces q ∈ Z, whence OK = Z[
√
d]. If v = 2, then r = u

2 for
an odd integer u. The congruence simplifies to m2 − u2d ≡ m2 − d ≡ 0 (mod 4). If d ≡ 2, 3
(mod 4), no solution for m exists. If d ≡ 1 (mod 4), then m must be odd, meaning that a and
b are strict half-integers with matching parity. Thus, the free Z-module OK has the following
integral basis:

OK =

Z
[1+

√
d

2
]

if d ≡ 1 (mod 4),

Z[
√
d] if d ≡ 2, 3 (mod 4).

■

We conclude this section with the following example, where we compute an integral basis
for the ring of integers of the number field Q( 3√2).
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Example 3.26. Let K = Q(α) where α = 3√2. Let ω = c0 +c1α+c2α
2 ∈ OK for c0, c1, c2 ∈ Q.

We determine the denominators of ci locally at each prime p. To do so, we consider the
following cases.

Case 1: p /∈ {2, 3}. The field traces are Tr(1) = 3, Tr(α) = 0, and Tr(α2) = 0. Thus
Tr(ω) = 3c0 ∈ Z. Since p ≠ 3, c0 is p-integral. Iterating this trace map on (ω−c0)α = 2c2+c1α

2

yields Tr((ω − c0)α) = 6c2 ∈ Z, ensuring c2 (and consequently c1) are p-integral.
Case 2: p = 2. The minimal polynomial x3 − 2 is Eisenstein at 2. Let ν be the unique

valuation extending the 2-adic valuation. Since α3 = 2, ν(α) = 1
3 . The valuations of the

components of ω satisfy:

ν(c0) ∈ Z, ν(c1α) ∈ Z + 1
3 , ν(c2α

2) ∈ Z + 2
3

Because these values lie in distinct cosets of Z, no cancellation occurs. Thus,

ν(ω) = min
(
ν(c0), ν(c1) + 1

3 , ν(c2) + 2
3

)
≥ 0,

which forces ν(ci) ≥ 0 for all i.
Case 3: p = 3. Shift the generator by setting β = α − 2. Its minimal polynomial is

g(x) = x3 + 6x2 + 12x + 6, which is Eisenstein at 3. Let µ be the valuation extending the
3-adic valuation, yielding µ(β) = 1

3 . Rewriting ω = b0 + b1β + b2β
2, the identical distinct

coset argument requires µ(bi) ≥ 0.
Since no primes divide any denominators, c0, c1, c2 ∈ Z. Thus, OK = Z[α], and so

{1, 3√2, 3√4} is an integral basis for OK .

3.4 The Discriminant

In algebraic number theory, the discriminant is a numerical invariant that captures the
“volume” of the ring of integers and encodes critical information about which prime numbers
ramify (split in a singular way) within a field extension. In this section, we introduce the
discriminant of a number field, and then we discuss some basic properties and examples.
Before introducing the discriminant, let us show the following lemma.

Lemma 3.27. Let K be a number field with n := [K : Q]. For any two integral bases
{α1, . . . , αn} and {β1, . . . , βn},

det(TrK(αiαj)) = det(TrK(βiβj)).

Proof. Exercise.

Let us formally introduce the discriminant.
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Definition 3.28. The discriminant of a number field K is defined as follows:

∆K = det
(

TrK(αiαj)
)
,

where {α1, . . . , αn} is an integral basis for OK .

In light of Lemma 3.27, one obtains that the discriminant ∆K only depends on the number
field K and not on the chosen integral basis.

Set n := [K : Q] and let {α1, . . . , αn} be an integral basis for OK . It follows from
Proposition 3.15 that TrK(αiαj) ∈ Z for all i, j ∈ J1, nK, whence

∆K = det
(

TrK(αiαj)
)

∈ Z. (3.6)

We can also compute the discriminant ∆K in terms of any given integral basis for OK

and the n distinct Q-embeddings of K into C.

Proposition 3.29. Let K be a number field with [K : Q] = n, and let σ1, σ2, . . . , σn : K → C
be the n distinct Q-embeddings of K into C. Then

∆K = det (σi(ωj))2

for any integral basis {ω1, . . . , ωn} of OK .

Proof. Fix an integral basis {ω1, . . . , ωn} for the ring of integers OK . Let A be the n × n
matrix whose (i, j) entry is σi(ωj). Therefore

(ATA)i,j =
n∑

k=1
(AT )i,kAk,j =

n∑
k=1

σk(ωi)σk(ωj) =
n∑

k=1
σk(ωiωj) = TrK(ωiωj),

where the last equality is due to Proposition 3.16. Hence the matrix equality ATA =
(TrK(ωiωj))i,j holds and, after applying determinant to both sides of this equality, we see that

∆K = det(TrK(ωiωj)) = det(ATA) = det(AT ) detA = (detA)2 = det(σi(ωj))2.

Let us now compute the discriminant of any quadratic number field.

Example 3.30. Let K = Q(
√
d) where d is a square-free integer. The discriminant depends

on the structure of the integral basis, which we know shifts based on d (mod 4).
Case 1: d ≡ 2, 3 (mod 4). In this case, the integral basis is {1,

√
d}. The embeddings are

the identity and the conjugation
√
d 7→ −

√
d. Therefore

∆K = det
(

TrK(1) TrK(
√
d)

TrK(
√
d) TrK(d)

)
= det

(
2 0
0 2d

)
= 4d.
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Case 2: d ≡ 1 (mod 4). In this case, the integral basis is {1, α} where α = 1+
√

d
2 . Notice

that

TrK(1) = 2, TrK(α) = 1 +
√
d

2 + 1 −
√
d

2 = 1,

and

TrK(α2) = Tr
(1 + d+ 2

√
d

4

)
= 1 + d

4 + 1 + d

4 = 1 + d

2 .

Therefore the trace matrix is

∆K = det
(

TrK(1) TrK(α)
TrK(α) TrK(α2)

)
= det

(
2 1
1 1+d

2

)
= d.

■

3.5 The Index Formula

The primary purpose of this section is to introduce the notion of the discriminant of an algebraic
integer in a number field K, and then relate the defined discriminant to the discriminant ∆K

of the number field via the Index Formula. First, we establish some needed results related to
Z-modules.

3.5.1 A Result on Modules

Here is another result on the submodule structure of free Z-modules.

Proposition 3.31. Let M be a free Z-module of finite rank n, and let N be a submodule
of M with rank n. Then the quotient module M/N is finite.

Proof. Since M is a free Z-module of finite rank n, it is a finitely generated abelian group
isomorphic to Zn. Because Z is a principal ideal domain (PID), any submodule of a free
Z-module of rank n is also a free Z-module of rank at most n. By hypothesis, N has rank
exactly n. By the Structure Theorem for Finitely Generated Modules over a PID (specifically,
the invariant factor theorem for submodules), there exists a Z-basis {e1, e2, . . . , en} of M
and a sequence of non-zero integers d1, d2, . . . , dn such that: d1 | d2 | · · · | dn. The set
{d1e1, d2e2, . . . , dnen} forms a Z-basis for N . Notice that none of the invariant factors di can
be zero. If any di = 0, the basis for N would contain fewer than n nonzero elements, which
would imply rank(N) < n, contradicting our strict hypothesis that the ranks are equal. We
can now examine the quotient group M/N . Using the compatible bases defined above, we
can write the quotient as

M/N =
⊕n

i=1 Zei⊕n
i=1 diZei

.
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By the basic isomorphism theorems of modules, this quotient of direct sums is isomorphic to
the direct sum of the quotients of the respective components:

M/N ∼=
n⊕

i=1

( Zei

diZei

)
∼=

n⊕
i=1

(Z/diZ).

Since each di is a non-zero integer, each cyclic component Z/diZ is finite and contains exactly
|di| elements. Because the direct sum of a finite number of finite groups is itself a finite group,
we conclude that M/N is finite. Specifically, the order of the quotient group is precisely the
product of the absolute values of the invariant factors:

|M/N | =
n∏

i=1
|di| < ∞.

As an application of the previous theorem, let us prove that the index of the order Z[α]
inside the ring of integers OK is finite.

Proposition 3.32. Let K = Q(α) be a number field of degree n, with α ∈ OK . The subring
Z[α] of OK has finite index.

Proof. The ring of integers OK is a free Z-module of finite rank n. Because α ∈ OK and
OK is a ring, the elements 1, α, α2, . . . , αn−1 are all contained in OK . Furthermore, we have
proved that 1, α, α2, . . . , αn−1 forms a Q-basis for K as a vector space over Q. Because these
elements are linearly independent over Q, they are necessarily linearly independent over Z.
The subring Z[α] is precisely the Z-span of this basis:

Z[α] = Z ⊕ Zα⊕ · · · ⊕ Zαn−1.

Consequently, Z[α] is a free Z-submodule of OK , and it also has rank n.
It follows from Proposition 3.31 that the quotient group OK/Z[α] is a finite abelian group,

which is precisely to say that the index [OK : Z[α]] is finite.

The Discriminant of Elements in a Number Field

Now that we have learned about the discriminant of a number field K using an integral basis
for OK , it is often practical to work with the discriminant of an algebraic integer α and the
order Z[α] it generates. Let K = Q(α) be a number field of degree n, where α ∈ OK . The set
{1, α, . . . , αn−1} forms a Q-basis for K, and it generates a subring Z[α] ⊆ OK .

Definition 3.33. For an algebraic integer α ∈ Z̄, the discriminant of α (or equivalently, the
discriminant of the order Z[α]) is defined as follows.

∆(α) := det((TrK(αi+j)i,j)).
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By employing the distinct Q-embeddings σ1, . . . , σn, we can express this determinant using
the Vandermonde matrix.

Proposition 3.34. Let K = Q(α) be a number field of degree n. Let α1, α2, . . . , αn be the
conjugates of α in C. Then the discriminant of the element α satisfies

∆(α) =
∏

1≤i<j≤n

(αi − αj)2.

Proof. By definition, the discriminant of the element α is the determinant of the trace matrix
associated with the basis {1, α, . . . , αn−1}, which means that ∆(α) = det(TrK(αi+j)), where
i, j ∈ [[0, n − 1]]. Let σ1, . . . , σn be the n distinct Q-embeddings of K into C, ordered such
that σk(α) = αk. Therefore

TrK(β) =
n∑

k=1
σk(β).

Applying this to the basis elements, we can express the entries of our trace matrix as:

TrK(αi+j) =
n∑

k=1
σk(αi+j) =

n∑
k=1

(σk(α))i+j =
n∑

k=1
αi+j

k .

We now construct the Vandermonde matrix V generated by the conjugates α1, . . . , αn. Let V
be the n×n matrix whose entry in the i-th row and k-th column is αi

k, for indices i ∈ [[0, n−1]]
and k ∈ [[1, n]]:

V =


1 1 . . . 1
α1 α2 . . . αn
...

... . . . ...
αn−1

1 αn−1
2 . . . αn−1

n

 .
Observe that the entry in the i-th row and j-th column of V V T is exactly the dot product of
the i-th row of V and the j-th row of V . Notice that this is exactly the (i, j) entry of our
trace matrix. Therefore, the trace matrix is equal to V V T . Taking the determinant of both
sides, we obtain that

∆(α) = det(V V T ) = det(V ) det(V T ) = (detV )2.

It is a standard result in linear algebra that the determinant of the Vandermonde matrix V
evaluates to the product of all differences of its generating elements, whence

det(V ) =
∏

1≤i<j≤n

(αj − αi).

After squaring this determinant, we obtain the following:

∆(α) =

 ∏
1≤i<j≤n

(αj − αi)

2

=
∏

1≤i<j≤n

(αi − αj)2.
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We are in a position to establish one of the most fundamental identities in algebraic
number theory: The Index Formula.

Theorem 3.35 (The Index Formula). Let K = Q(α) with α ∈ OK . Then

∆(α) = [OK : Z[α]]2∆K .

Proof. Because Z[α] is a finite-index subgroup of the free Z-module OK , the change-of-basis
matrix from an integral basis to {1, α, . . . , αn−1} has a determinant equal to the index
[OK : Z[α]].

Let us show how to recover the classical quadratic discriminant. The Index Formula
provides the perfect framework to bridge the abstract algebraic number theory definition of
the discriminant with the familiar formula D = b2 − 4c used to find the roots of a quadratic
polynomial.

Example 3.36. Consider the general monic quadratic polynomial f(x) = x2 + bx+ c ∈ Z[x].
Assume f(x) is irreducible over Q, and let α be one of its roots. We work in the quadratic
number field K = Q(α).

Since α satisfies α2 + bα + c = 0, it is an algebraic integer, and we can compute the
discriminant of the order Z[α] using the basis {1, α}. Let us compute the trace matrix entries.
First, TrK(1) is the trace of the identity matrix, so TrK(1) = 2. Since the sum of the roots of
f(x) is −b, we see that TrK(α) = −b. To find TrK(α2), we use the minimal polynomial to
write α2 = −bα− c. By the Q-linearity of the trace,

TrK(α2) = −bTrK(α) − TrK(c) = −b(−b) − 2c = b2 − 2c.

We now construct the trace matrix for the basis {1, α}:

∆(α) = det
(

TrK(1) TrK(α)
TrK(α) TrK(α2)

)
= det

(
2 −b

−b b2 − 2c

)

Calculating the determinant yields:

∆(α) = 2(b2 − 2c) − (−b)2 = 2b2 − 4c− b2 = b2 − 4c.

This shows that the classical discriminant D = b2 − 4c is exactly the discriminant of the order
Z[α].

■

In the next example, we compute the discriminant of the number field of Eisenstein
rationals.
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Example 3.37. Let ζ be the primitive third root of unity e2πi/3, and consider the number
field K = Q(ζ), which is the number field of Eisenstein rationals. We have proved before that
K = Q(

√
−3). The minimal polynomial of ζ is Φ3(x) = x2 + x+ 1 ∈ Z[x], whence {1, ζ} is a

Q-basis for K. The two Q-embeddings σ1, σ2 : K ↪→ C are determined by the corresponding
assignments

σ : ζ 7→ ζ = −1
2 + i

√
3

2 and σ2 : ζ 7→ ζ̄ = ζ2 = −1
2 − i

√
3

2 .

As established earlier in this section, ∆K = (detA)2, where A is the matrix of embeddings of
the integral basis {1, ζ}:

A =
(
σ1(1) σ1(ζ)
σ2(1) σ2(ζ)

)
=
(

1 ω
1 ω2

)
.

Therefore

detA = (1 · ω2) − (1 · ω) = ω2 − ω =
(

−1
2 − i

√
3

2

)
−
(

−1
2 + i

√
3

2

)
= −i

√
3,

and so the discriminant of Q(ζ) is

∆K = (detA)2 = (−i
√

3)2 = −3.

The negative sign is consistent with the fact that K is a totally imaginary field (r1 = 0 and
r2 = 1). ■

3.5.2 Exercises – The Additive Structure of Rings of Integers

Exercise 3.1. Prove Dedekind’s lemma.

Exercise 3.2. Run the example Q( 3√2, 3√4).

Exercise 3.3. Let Q(α) be an algebraic number field with n := [Q(α) : Q] ≥ 2, and let α′ be
a complex conjugate of α. Prove that there exists a unique isomorphism Q(α) → Q(α′) fixing
Q and sending α to α′.

Exercise 3.4. For m ∈ Z and α ∈ OK , prove that ∆(α+m) = ∆(α).
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Chapter 4

The Ideal-Theoretic Structure

In this section, we discuss the ideal structure of rings of integers.

4.1 Rank of Ideals and the Noetherian Property

Our main purpose is to prove that every nonzero ideal of a given ring of integers is a free
Z-module with the same rank as the ring of integers. Then we use this result to show that
every ring of integers is a Noetherian domain. First, we argue the following lemma.

Lemma 4.1. If I is a nonzero ideal of OK then I ∩ Z ̸= {0}.

Proof. Take a nonzero element α ∈ I. Since α ∈ OK , the element α is an algebraic integer.
Let mα(x) = xn +∑n−1

i=0 cix
i ∈ Z[x] be the minimal polynomial of α. Since α ̸= 0, we see that

c0 ̸= 0. Then from mα(α) = 0, we obtain

−c0 = α(αn−1 + cn−1α
n−2 + · · · + c1) ∈ I

because α ∈ I. Since −c0 ∈ Z and c0 ̸= 0, we conclude that I ∩ Z contains a nonzero integer,
that is, I ∩ Z ̸= {0}.

We proceed to argue that every ideal of OK has an integral basis.

Theorem 4.2. For each number field K, every nonzero ideal of OK is a free Z-module of
rank [K : Q] and so has an integral basis.

Proof. Let n = [K : Q], and let {ω1, . . . , ωn} be an integral basis for OK . Fix a nonzero ideal
I and let us argue that I has an integral basis. As I is a Z-submodule of OK , it follows that
I is a free Z-submodule of OK . Let us show that I has rank [K : Q].

By the previous proposition, there exists m ∈ I ∩ (Z \ {0}), whence the first inclusion of
the following tower must hold:

mOK ⊆ I ⊆ OK . (4.1)

49



50 CHAPTER 4. THE IDEAL-THEORETIC STRUCTURE

From the fact that {ω1, . . . , ωn} is an integral basis for OK , we deduce that {mω1, . . . ,mωn}
is an integral basis for mOK . Hence both mOK and OK are free Z-modules of rank n. This,
along with (4.1), ensures that I has rank n as a free Z-module. Hence I must have an integral
basis.

It turns out that the index of any nonzero ideal of OK is finite.

Corollary 4.3. Let K be a number field. Every nonzero ideal of OK has finite index.

Proof. Let I be a nonzero ideal of OK . Then I is a free Z-submodule of OK , and it follows
from Theorem 4.2 that I has the same rank of OK as a Z-module. Therefore it follows from
Proposition 3.31 that the index [OK : I] of I in OK is finite.

We conclude with the following theorem.

Theorem 4.4. For each number field K, the ring of integers OK is Noetherian.

Proof. Fix a number field K, and let us argue that OK is Noetherian.
To do so, let (In)n≥1 be an ascending chain of ideals of OK , which means that the inclusion

of ideals In ⊆ In+1 holds for every n ∈ N. It follows from Proposition 4.3 that In has finite
index in OK for every n ∈ N. Moreover, in light of the Third Isomorphism Theorem for
abelian groups, for each n ∈ N, the quotient group OK/In+1 is isomorphic to the quotient
(OK/In)/(In+1/In), so [OK : In] = [OK : In+1][In+1 : In]. Thus, [OK : In] ≥ [OK : In+1]. As
([OK : In])n≥1 is a sequence of positive integers, it must stabilize: there exists m ∈ N such
that [OK : In] = [OK : Im] for every index n ∈ N with n ≥ m. Hence In = Im for all Z≥m.
As every ascending chain of ideals of OK stabilizes, we conclude that OK is a Noetherian
domain.

4.2 Integrality and Rings of Integers

We know that the set Z̄ consisting of all complex numbers that are algebraic integers is a
subring of C. With this in mind, in this section we introduce the notion of integral element
for an extension R ⊆ S of commutative rings as well as the notion of the integral closure of R
inside S. We also introduce the notion of integrally closed domains and prove that every ring
of integers is integrally closed.

Integral Element and Integral Ring Extensions

Throughout this section, R ⊆ S is an extension of commutative rings, which means that R is
a subring of the integral domain S. An element s ∈ S is algebraic (resp., integral) over R if
there exists a nonzero polynomial (resp., a monic polynomial) f(x) ∈ R[x] such that f(s) = 0.

Definition 4.5. An extension R ⊆ S of commutative rings is said to be integral provided
that every element of S is integral over R.
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Let us characterize integral elements.

Theorem 4.6. Let R ⊆ S be a ring extension. For s ∈ S, the following statements are
equivalent.

(a) s is integral over R.

(b) R[s] is a finitely generated R-module.

(c) s is contained in a subring T of S that is a finitely generated R-module.

Proof. (a) ⇒ (b): Since s is integral over R, there is a monic polynomial f(x) ∈ R[x] having
s as a root. Take g(s) ∈ R[s] for some g(x) ∈ R[x]. Because f(x) is monic, we can write
g(x) = q(x)f(x) + r(x) for q(x), r(x) ∈ R[x] with deg r < d := deg f . Since g(s) = r(s), the
element g(s) is a linear combination with coefficients in R of the elements 1, s, . . . , sd−1. Hence
R[s] can be generated by the set {sj : j ∈ J0, d− 1K} as an R-module.

(b) ⇒ (c): Take T = R[s].
(c) ⇒ (a): Let T be the subring described in the statement (c), and let {t1, . . . , tn} be a

generating set of T as an R-module. As 1 ∈ T , there are coefficients r1, . . . , rn ∈ R such that∑n
i=1 riti = 1. Since s ∈ T , we see that sti ∈ T for every i ∈ J1, nK. Hence, for each j ∈ J1, nK,

we can write stj = ∑n
i=1 cijti, and so

n∑
i=1

(δijs− cij)ti = 0, (4.2)

where δij is the Kronecker delta (i.e., δij = 1 if i = j, and δij = 0 otherwise). After considering
the n× n matrix M := (δijs− cij)i,j∈J1,nK and the vector v := (t1, . . . , tn)T , we can write the
equalities in (4.2) simply as Mv = 0. By Cramer’s Rule, (detM)ti = 0 for every i ∈ J1, nK.
As a result,

detM = (detM)
n∑

i=1
riti =

n∑
i=1

ri(detM)ti = 0.

After taking C to be the matrix (cij)i,j∈J1,nK, one obtains that s is a root of the monic
polynomial det(xI − C) ∈ R[x], which is the characteristic polynomial of C. Hence s is
integral over R, which concludes the proof.

For a ring extension R ⊆ S, we say that S is finite over R provided that S is finitely
generated as an R-module.

Corollary 4.7. Every finite ring extension is integral.

Let us show that the extension of a ring by finitely many integral elements is integral.

Proposition 4.8. Let R ⊆ S be a ring extension, and let s1, . . . , sn ∈ S be integral elements
over R. Hence R[s1, . . . , sn] is a finitely generated R-module and, therefore, R ⊆ R[s1, . . . , sn]
is an integral extension.
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Proof. It follows from Theorem 4.6 that R[s1] is a finitely generated module over R. Assume
further that R[s1, . . . , sj ] is a finitely generated module over R for some j ∈ J1, n− 1K. Since
sj+1 is integral over R, it is clearly integral over R[s1, . . . , sj ], and it follows from Theorem 4.6
that R[s1, . . . , sj+1] is a finitely generated module over R[s1, . . . , sj ]. Thus, it follows by
transitivity of finitely generated modules that R[s1, . . . , sj+1] is a finitely generated R-module.
Hence R[s1, . . . , sn] is a finitely generated R-module by induction, and Corollary 4.7 guarantees
that R[s1, . . . , sn] is an integral extension of R.

Now we prove that integrality is transitive.

Proposition 4.9. Let R ⊆ S and S ⊆ T be ring extensions. If R ⊆ S and S ⊆ T are integral,
then R ⊆ T is also integral.

Proof. Take t ∈ T . Since T is integral over S, there is a polynomial p(x) = xn +∑n−1
i=0 six

i ∈
S[x] for some n ∈ N having t as a root. As S is integral over R, the coefficients s0, . . . , sn−1
are integral over R, and so R[s0, . . . , sn−1] is a finitely generated R-module by Proposition 4.8.
Because t is integral over R[s0, . . . , sn−1], the ring R[s0, . . . , sn−1, t] is also a finitely generated
module over R[s0, . . . , sn−1]. Hence the extension R ⊆ R[s0, . . . , sn−1, t] is finite and so
integral. In particular, t must be integral over R. Thus, R ⊆ T is an integral extension.

Remark 4.10. It turns out that integrality is preserved by both quotients and localizations.

Proposition 4.11. Let R ⊆ S be an integral extension of integral domains. Then R is a field
if and only if S is a field.

Proof. Exercise.

4.2.1 Integral Closure and Integrally Closed Domain

The set RS consisting of all elements of S that are integral over R is an integral extension of
R, as we now show.

Proposition 4.12. Let R ⊆ S be a ring extension. The set RS is an integral extension of R,
which contains every subring of S that is integral over R.

Proof. Take s, t ∈ RS . Since s and t are integral over R, the ring extension R ⊆ R[s, t] is
integral by Proposition 4.8. Hence the elements s± t and st are integral over R. As a result,
RS is a subring of S. On the other hand, it is clear that RS contains every subring of S that
is integral over R.

With notation as in Proposition 4.12, the ring RS is called the integral closure of R in S.
The ring R is integrally closed in S if RS = R.

Definition 4.13. The integral closure of an integral domain R, denoted by R, is the integral
closure of R in its field of fractions qf(R), and R is called integrally closed if R = R.
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It turns out that the integral closure commutes with localization, as the following proposi-
tion indicates.

Proposition 4.14. Let R ⊆ S be a ring extension, and let M be a multiplicative subset of R.
Then M−1RS is the integral closure of M−1R in M−1S.

Proof. Exercise.

Corollary 4.15. Let R be an integral domain, and let S be a multiplicative subset of R. If R
is integrally closed, so is S−1R.

For an integral domain, being integrally closed is a local property.

Proposition 4.16. Let R ⊆ S be a ring extension, and let M be a multiplicative subset of R.
Then M−1RS is the integral closure of M−1R in M−1S.

The property of being integrally closed is a local property, as the following proposition
indicates.

Proposition 4.17. For an integral domain R, the following statements are equivalent.

(a) R is integrally closed.

(b) RP is integrally closed for every prime ideal P of R.

(c) RM is integrally closed for every maximal ideal M of R.

Proof. Exercise.

It turns out that every UFD is integrally closed.

Proposition 4.18. Every UFD is integrally closed.

Proof. Let R be a UFD, and take r/s ∈ qf(R) \ {0} to be an integral element over R,
assuming that r, s ∈ R have no common prime factors. Let xn −

∑n−1
i=0 cix

i be a polynomial
in R[x] having r/s as a root. After multiplying (r/s)n = ∑n−1

i=0 ci(r/s)i by sn, one obtains
rn = s

∑n−1
i=0 r

isn−1−i. Therefore s divides rn in R. This, together with the fact that R is a
UFD, ensures that s ∈ R×, whence r/s = rs−1 ∈ R. Thus, R is integrally closed.

Example 4.19. Since Z is a UFD, it is integrally closed by Proposition 4.18. However, Z
is not integrally closed in C. Let us further show that the integral closure R := ZC of Z in
C is not even finitely generated as a Z-module. To argue this, observe that for every n ∈ N,
the polynomial p(x) = xn + 2 is irreducible over Q (by Eisenstein Criterion). Thus, taking
r ∈ R to be a root of p(x), we see that p(x) is the minimal polynomial of r and, therefore,
the subset {1, r, . . . , rn−1} of R is integrally independent, (i.e., linearly independent over Z).

Unlike localizations, quotients of integral domains do not preserve the property of being
integrally closed.



54 CHAPTER 4. THE IDEAL-THEORETIC STRUCTURE

Example 4.20. Since Z[x] is a UFD, it is integrally closed. Consider the ring homomorphism
Z[x] → Z[

√
5] induced by the assignment x 7→

√
5. Since x2 − 5 is the minimal polynomial of√

5 over Q, it follows that Z[x]/(x2 − 5) is isomorphic to Z[
√

5], which is not integrally closed
(see exercises below).

We conclude this section proving that every ring of integers is integrally closed.
Theorem 4.21. For each number field K, the ring of integers OK is integrally closed.

Proof. Let K be a number field. We first observe that the quotient field of OK is K. To do so,
let F denote the quotient field of OK . The inclusion F ⊆ K is clear. For the reverse inclusion,
take α ∈ K. By the existence of integral bases, OK contains a Q-basis {ω1, . . . , ωn} for K.
Thus α = ∑n

i=1 qiωi for some q1, . . . , qn ∈ Q. After choosing a nonzero integer d such that
dqi ∈ Z for every i ∈ J1, nK, we obtain that dα ∈ OK , and so α = (dα)/d ∈ qf(OK). Hence
F = K.

Now take β ∈ K such that β is integral over OK . Since every element of OK is integral
over Z, the ring extension Z ⊆ OK is integral. As β is integral over OK , the extension
OK ⊆ OK [β] is also integral. Therefore by transitivity of integrality, the extension Z ⊆ OK [β]
is also integral. This, along with the fact that β ∈ OK [β], ensures that β is integral over Z or
equivalently, β ∈ OK . Hence OK is an integrally closed domain.

4.3 Dedekind Domains

Let us now introduce the class of domains in which ideals admit unique factorizations into
prime ideals.
Definition 4.22. An integral domain D is called a Dedekind domain if every nonzero proper
ideal of D can be written as a finite product of nonzero prime ideals of D.

Equivalently, every nonzero ideal of D is either D itself or a finite product of nonzero
prime ideals. The main theorem we prove in this section is that every ring of integers is a
Dedekind domain.

The class of Dedekind domains also includes the class of PIDs.
Proposition 4.23. Every PID that is not a field is a Dedekind domain.

Proof. Let R be a PID that is not a field, and let I be a nonzero proper ideal of R. Since R
is a PID, there exists a nonzero nonunit a ∈ R such that I = Ra. As every PID is a UFD, we
can write

a = up1 · · · pn

for some unit u ∈ R× and some irreducibles p1, . . . , pn ∈ R. In a PID, every irreducible
element is prime, and so each principal ideal Rpi is a nonzero prime ideal of R. Therefore

I = Ra = Rp1 · · ·Rpn,

which shows that every nonzero proper ideal of R factors into nonzero prime ideals. Hence R
is a Dedekind domain.
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The converse of Proposition 4.23 does not hold.
We proceed to establish some useful characterizations of a Dedekind domain.

Theorem 4.24. For an integral domain R that is not a field, the following statements are
equivalent.

(a) R is a Dedekind domain.

(b) R is Noetherian and RP is a DVR/PID for every prime ideal P of R.

(c) Every nonzero ideal of R is invertible.

(d) Every nonzero fractional ideal of R is invertible.

Proof. (a) ⇒ (b): Let R be a Dedekind domain, and let P be a prime ideal of R. The
properties of being Noetherian, being integrally closed, and having dimension at most 1 are
preserved under localization. Hence RP is a local ring with these properties, and therefore
RP is a DVR. Hence RP is a PID.

(b) ⇒ (c): Suppose, by way of contradiction, that there is a nonzero ideal I of R that is
not invertible. Since R is Noetherian, I = Ra1 + · · · +Ran for some a1, . . . , an ∈ R. Because
I is not invertible, IJ ⊊ R, where J = {r ∈ qf(R) : rI ⊆ R}. Let P be a maximal ideal of R
such that IJ ⊆ P . By (b), the ideal extension IP of I is principal in RP . Then we can take
a ∈ I such that IP = aRP . For each i ∈ J1, nK, take ri ∈ R and si /∈ P such that ai = a(ri/si),
that is, siai ∈ Ra. Setting s = s1 . . . sn, we obtain that sa−1ai ∈ R for every i ∈ J1, nK, which
implies that sa−1I ⊆ R. Hence sa−1 ∈ J and, as a result, s = asa−1 ∈ IJ ⊆ P , which is a
contradiction. As a final note, we observe that the argument used to prove this implication
was also used to characterize Prüfer domains as integral domains whose localizations at prime
ideals are valuation domains.

(c) ⇒ (a): We have seen before that every invertible ideal is finitely generated. Thus, R
is Noetherian. Now suppose that M is a maximal ideal of R. We can easily verify that the
extension of any invertible ideal of R is invertible in RM . Then each nonzero ideal of RM is
invertible. Since every invertible ideal of a local ring is principal (see previous lectures), RM is
a PID. Hence RM is both integrally closed and 1-dimensional. As M was an arbitrarily-chosen
maximal ideal of R, it follows that R is also integrally closed and 1-dimensional. Thus, we
conclude that R is a Dedekind domain.

(c) ⇔ (d): It suffices to show that (c) implies (d). To do so, let J be a nonzero fractional
ideal of R. Take r ∈ R such that I := rJ is a nonzero ideal of R. Since I is invertible
by hypothesis, rI−1 := r(R : I) is the inverse of the fractional ideal J : indeed, (rI−1)J =
I−1(rJ) = I−1I = R.

It turns out that Dedekind domains can be characterized as integral domains where
every nonzero ideal factors (uniquely) as a product of prime ideals. Before establishing this
characterization, let us argue the following lemma.
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Lemma 4.25. For m,n ∈ N, let P1, . . . , Pm and Q1, . . . , Qn be invertible prime ideals of an
integral domain R. If P1 . . . Pm = Q1 . . . Qn, then m = n and Q1, . . . , Qm can be relabeled so
that Pi = Qi for every i ∈ J1, nK.

Proof. We proceed by induction on m. Suppose first that m = 1. As P1 is prime, the inclusion
Qi ⊆ P1 holds for some i ∈ J1, nK. After relabeling, one can assume that i = 1. Since
P1 = Q1 · · ·Qn ⊆ Q1, the equality P1 = Q1 holds. Multiplying both sides of P1 = Q1 · · ·Qn

by P−1
1 , we obtain that n = 1. Now suppose that the statement of the lemma holds for m ∈ N,

and let the equality P1 · · ·Pm+1 = Q1 · · ·Qn+1 hold for invertible prime ideals P1, . . . , Pm+1
and Q1, . . . , Qn+1 of R. After a possible relabeling, we can assume that Pm+1 is minimal in
the set {P1, . . . , Pm+1}. As Pm+1 is prime, Qi ⊆ Pm+1 for some i ∈ J1, n + 1K, and we can
assume after a possible relabeling that i = n+ 1. Since Qn+1 is prime, Pj ⊆ Qn+1 for some
j ∈ J1,m+ 1K. Because Pj ⊆ Qn+1 ⊆ Pm+1, the minimality of Pm+1 ensures that Pj = Pm+1,
and so that Qn+1 = Pm+1. Multiplying P1 · · ·Pm+1 = Q1 · · ·Qn+1 by P−1

m+1 and using the
induction hypothesis, we obtain that m+ 1 = n+ 1 and also that, after a possible relabeling
of Q1, . . . , Qm+1, the equality Pi = Qi holds for every i ∈ J1,m+ 1K.

We are in a position to give two more characterizations of a Dedekind domain.

Theorem 4.26. For an integral domain R that is not a field, the following statements are
equivalent.

(a) R is a Dedekind domain.

(b) Every nonzero proper ideal of R factors into prime ideals.

(c) Every nonzero proper ideal of R factors uniquely (up to permutation) into prime ideals.

Proof. (a) ⇒ (b): Suppose, by way of contradiction, that there is a proper nonzero ideal
that does not factor into prime ideals. Let I be maximal among all such ideals, which exists
because R is Noetherian. Clearly, I is a proper ideal that is not prime. Therefore I is properly
contained in a maximal ideal P of R. Since P is invertible, P−1I ⊆ P−1P = R. Therefore
P−1I is an ideal of R, which contains I because I = P (P−1I). In addition, I is properly
contained in P−1I as I = P−1I would imply that IP = I and so P = I−1I = R. Then P−1I
factors as a product of prime ideals, and so the same holds for I, a contradiction.

(b) ⇒ (a): We first argue that every invertible prime ideal of R is maximal. To do this,
let P be an invertible prime ideal and suppose, towards a contradiction, that P +Rx ≠ R for
some x ∈ R \ P . Take prime ideals P1, . . . , Pm and Q1, . . . , Qn such that P +Rx = P1 · · ·Pm

and P + Rx2 = Q1 · · ·Qn. Note that the images π(P1), . . . , π(Pm) and π(Q1), . . . , π(Qn)
under the canonical homomorphism π : R → R/P are prime ideals in the integral domain
R/P . These prime ideals are also invertible as each of them is a factor of one of the invertible
ideals (π(x)) and (π(x2)). Because

π(Q1) · · ·π(Qn) = (π(x2)) = (π(x))2 = π(P1)2 · · ·π(Pm)2,
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it follows from Lemma 4.25 that n = 2m and that, after a possible relabeling,

π(Q2j−1) = π(Q2j) = π(Pj)

for every j ∈ J1,mK. As a result, Q2j−1 = Q2j = Pj for every j ∈ J1,mK. Then P + Rx2 =
(P +Rx)2, which implies that

P ⊆ P +Rx2 = (P +Rx)2 ⊆ P 2 +Rx.

Indeed, this implies that P ⊆ P 2 + Px because x /∈ P . Multiplying both sides of the last
inclusion by P−1, we obtain that P +Rx = R, a contradiction. Thus, every invertible prime
ideal of R is maximal.

By virtue of Theorem 4.24, finishing the proof of the current implication amounts to
verifying that every nonzero prime ideal of R is invertible. Let P be a nonzero prime ideal of
R, and take a nonzero element a ∈ P . Write Ra = P1 · · ·Pk for prime ideals P1, . . . , Pk. The
ideals P1, . . . , Pk are invertible because Ra is invertible. Since P1 · · ·Pk ⊆ P , it follows that
Pi ⊆ P for some i ∈ J1, kK. As Pi is an invertible prime ideal, it is maximal. Hence P = Pi,
and so P is invertible.

(b) ⇔ (c): It is clear that (c) implies (b). On the other hand, if (b) holds, then (a) also
holds, and so every nonzero ideal of R is invertible by Theorem 4.24. Thus, it follows from
Lemma 4.25 that every factorization of a nonzero proper ideal into prime ideals must be
unique, whence (b) implies (c).

We have seen in Proposition 4.23 that every PID that is not a field is a Dedekind domain.
On the other hand, not every UFD is a Dedekind domain as, for instance, the UFD Q[x, y]
has Krull dimension two. However, if a UFD is a Dedekind domain, then it must be a PID.

Recall that an integral domain R is Noetherian if every ascending chain of ideals stabilizes
or, equivalently, if every ideal of R is finitely generated.

Proposition 4.27. Let R be a Dedekind domain. Then R is a UFD if and only if it is a PID.

Proof. Exercise.

Rings of Integers are Dedekind Domains

We conclude this section about Dedekind domains proving our main result: every ring of
integers is a Dedekind domain.

Theorem 4.28. Every ring of integers is a Dedekind domain.

Proof. Let K be a number field, and let us argue that OK is a Dedekind domain, which
amounts to proving that OK is a Noetherian domain that is integrally closed and has Krull
dimension 1.

In light of Theorem 4.21, the integral domain OK is Noetherian, and it follows from
Theorem 4.21 that OK is integrally closed.
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Thus, all we need to prove is that OK has Krull dimension 1. This amounts to proving
that every nonzero prime ideal of OK is maximal. Let p be a nonzero prime ideal of OK , and
take a nonzero β ∈ p. Assume that

mβ(x) = xn + cn−1x
n−1 + · · · + c1x+ c0 ∈ Z[x]

is the minimal polynomial of β. Since β is nonzero, c0 ̸= 0, and evaluating mβ at β we obtain
that

β(βn−1 + cn−1β
n−2 + · · · + c1) = −c0.

Thus p ∩ Z contains the nonzero integer −c0. As p is prime, p ∩ Z contains some rational
prime p. Hence pOK ⊆ p and so OK/p is a quotient of OK/pOK . Since OK is a finite-rank
free Z-module, the quotient OK/pOK is a finite-dimensional vector space over Fp. Therefore
OK/p is a finite integral domain, and hence a field. This proves that p is a maximal ideal of
OK . Because every nonzero prime ideal of OK is maximal, OK has Krull dimension 1.

4.4 Factorizations of Rational Primes and Dedekind Criterion

In the study of algebraic number fields, determining the prime ideal factorization of a
rational prime p within the ring of integers OK is a central problem. While the foundational
theorems of Dedekind domains guarantee that the principal ideal pOK factors uniquely into
a product of prime ideals, they offer no immediate computational mechanism to find this
factorization. Dedekind’s Index Criterion bridges this gap, providing an elegant and highly
efficient algorithmic approach.

Before establishing Dedekind’s Index Criterion, we need some preliminaries.

Lemma 4.29. Let K be a number field with ring of integers OK , and let α ∈ OK . Then α
divides its field norm NK(α) within OK .

Proof. Let n = [K : Q]. If α = 0, the statement holds trivially since NK/Q(0) = 0. Assume
α ̸= 0. The field norm NK/Q(α) is the product of all Galois conjugates of α. Let σ1, σ2, . . . , σn

be the n distinct embeddings of K into C, and assume without loss of generality that σ1 is
the identity embedding, so σ1(α) = α. We may then write the norm as

NK/Q(α) =
n∏

i=1
σi(α) = α

(
n∏

i=2
σi(α)

)
.

Set γ := ∏n
i=2 σi(α) and let us show that γ ∈ OK . Recall that OK = K ∩ Z, where Z is the

ring of all algebraic integers.
First, because α ∈ OK , it is an algebraic integer. Its minimal polynomial over Q has

coefficients in Z, and the conjugates σi(α) are roots of this same polynomial. Thus, every
conjugate σi(α) is an algebraic integer. Since the algebraic integers form a ring, the product
γ is also an algebraic integer, meaning γ ∈ Z.
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Second, the norm of an algebraic integer is a rational integer, so NK/Q(α) ∈ Z ⊂ K. Since
NK/Q(α) = αγ and α ∈ K \ {0}, we have γ = NK/Q(α)/α, which implies γ ∈ K because K is
a field.

Since γ ∈ K and γ ∈ Z, we conclude that γ ∈ K∩Z = OK . As a consequence, we conclude
that α divides NK/Q(α) in OK .

Residue Fields and the Inertial Degree

Let p be a nonzero prime ideal of OK . The intersection p ∩ Z is a prime ideal in Z generated
by a rational prime p. For any nonzero prime ideal p of OK , we call OK/p the residue field of
OK with respect to p. For any rational prime p, we know that Z/pZ is the field of p elements.
More generally, let us argue that the residue fields of OK are finite.

Proposition 4.30. Let p be a nonzero prime ideal of OK . The quotient ring OK/p is a finite
field.

Proof. Since OK is a Dedekind domain and p is a nonzero prime ideal, p is maximal, and
therefore OK/p is a field. We must show its cardinality is finite.

Let α ∈ p be nonzero. By the previous lemma, the field norm NK/Q(α) belongs to p.
Furthermore, NK/Q(α) ∈ Z. Thus, p contains a nonzero rational integer, which implies
p ∩ Z = pZ for some rational prime p. Consequently, the principal ideal pOK is contained in
p. By the Third Isomorphism Theorem, there is a natural surjective ring homomorphism:

OK/pOK ↠ OK/p.

Because OK is a finitely generated free Z-module of rank n = [K : Q], it possesses an
integral basis {ω1, . . . , ωn} such that OK

∼= Zn. It follows that the ideal pOK is generated by
{pω1, . . . , pωn}, and the quotient takes the form

OK/pOK
∼= (Z/pZ)n ∼= Fn

p .

Thus, |OK/pOK | = pn. Since OK/p is a surjective image of OK/pOK , its cardinality must be
finite and divide pn. Because OK/p is a finite integral domain, it is a finite field.
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Dedekind’s Index Theorem

The main purpose of this section is to prove Dedekind’s Index Theorem.

Theorem 4.31 (Dedekind’s Index Criterion). Let K = Q(α) be a number field with α ∈ OK ,
and let f(x) ∈ Z[x] be the minimal polynomial of α. Let p be a rational prime such that
p ∤ [OK : Z[α]]. Suppose that the reduction of f(x) modulo p decomposes in Fp[x] as

f̄(x) =
r∏

i=1
ḡi(x)ei

where the polynomials ḡi(x) are distinct, monic, and irreducible in Fp[x]. Let gi(x) ∈ Z[x] be
arbitrary monic lifts of ḡi(x). Then the ideal pOK factors uniquely into prime ideals in OK as

pOK =
r∏

i=1
pei

i

where pi = pOK + gi(α)OK for each i ∈ J1, rK. Furthermore, the inertial degree f(pi|p) is
equal to deg(ḡi(x)).

Proof. Set F = [OK : Z[α]]. Since gcd(p, F ) = 1, we can take u, v ∈ Z such that up+ vF = 1.
Let us prove the following claim.
Claim. The map φ : Z[α]/pZ[α] ∼= OK/pOK is a ring isomorphism.
Proof of Claim. It is routine to show that φ is a well-defined isomorphism. Thus, we are
done once we prove φ is bijective. To establish surjectivity, take y0 ∈ OK . By the definition
of F , the element Fy0 ∈ Z[α]. Let us now write y0 as

y0 = (up+ vF )y0 = p(uy0) + v(Fy0).

Since uy0 ∈ OK , we see that p(uy0) ∈ pOK . Furthermore, v(Fy0) ∈ Z[α]. Thus, y0 ≡ v(Fy0)
(mod pOK), which shows that Z[α] maps onto OK/pOK , whence φ is injective.

To establish injectivity, we must show that Z[α] ∩ pOK = pZ[α]. The containment
pZ[α] ⊆ Z[α] ∩ pOK is trivial. For the reverse containment, suppose β ∈ Z[α] ∩ pOK . Then
β = pβ0 for some x ∈ OK . Applying the identity up+ vF = 1 to β0 yields

β0 = upβ0 + vFβ0 = uβ + vFβ0.

Since β ∈ Z[α], uβ ∈ Z[α]. Additionally, Fβ0 ∈ Z[α], so vFβ0 ∈ Z[α]. This forces β0 ∈ Z[α].
Consequently, β = pβ0 ∈ pZ[α], proving injectivity. Hence the claim is established.

We know that the assignment x = α induces a ring isomorphism Z[x]/(f(x)) ∼= Z[α] via
the First Isomorphism Theorem. Thus, the following chain of natural ring isomorphisms:

OK/pOK
∼= Z[α]/pZ[α] ∼= Z[x]/(p, f(x)) ∼= Fp[x]/(f̄(x)).
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By the Chinese Remainder Theorem, the decomposition of f̄(x) gives the direct sum

Fp[x]/(f̄(x)) ∼=
r⊕

i=1
Fp[x]/(ḡi(x)ei).

For i ∈ [[ 1, r ]], the maximal ideal in Fp[x]/(f̄(x)) generated by ḡi(x) pulls back through the
isomorphisms to a prime ideal pi in OK containing p. Explicitly pulling (ḡi(x)) back to Z[x]
yields the ideal (p, gi(x)), and evaluating at α gives

pi = pOK + gi(α)OK .

The quotient Fp[x]/(ḡi(x)) is a field extension of Fp of degree deg ḡi. Thus, the corresponding
residue field OK/pi has dimension deg ḡi over Fp, yielding f(pi|p) = deg(ḡi).

Let I = ∏r
i=1 p

ei
i . The image of I in OK/pOK corresponds to the ideal generated by∏r

i=1 ḡi(x)ei in Fp[x]/(f̄(x)), which is the zero ideal. Therefore, I ⊆ pOK .
Taking the ideal norm N of both sides, we compute

NK(I) =
r∏

i=1
NK(pi)ei =

r∏
i=1

pei deg ḡi = p
∑r

i=1 ei deg ḡi = pdeg f = pn.

Since NK(pOK) = pn, and both ideals share the same norm with I ⊆ pOK , they must be
equal. Hence, pOK = ∏r

i=1 p
ei
i .

We conclude with the following example, where we examine the splitting of a rational
prime in a cubic extension using Dedekind’s Index Criterion.

Example 4.32. Consider the pure cubic number field K = Q(α), where α := 3√2 (note that
α ∈ Z̄ because it is a root of the irreducible, monic polynomial f(x) = x3 − 2 ∈ Z[x], which is
its minimal polynomial). Let us take for granted that OK = Z[α], which is an exercise for
you. Because the ring of integers and the subring Z[α] coincide,

[OK : Z[α]] = 1.

Since no rational prime can divide 1, the condition p ∤ [OK : Z[α]] is satisfied for all primes.
We can therefore apply Dedekind’s Index Criterion universally for this field.

• Let us determine the prime ideal factorization of p = 5 in OK . We consider the reduction
of f(x) over the finite field F5:

f̄(x) = x3 − 2 ≡ x3 + 3 (mod 5).

By testing the elements of F5, we find that x = 3 is a root since 33 +3 = 30 ≡ 0 (mod 5).
This allows us to factor out (x− 3), which is equivalent to (x+ 2) in F5[x]:

x3 + 3 ≡ (x+ 2)(x2 + 3x+ 4) (mod 5).
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We must check if the quadratic factor ḡ2(x) = x2 + 3x + 4 is irreducible over F5. Its
discriminant is ∆ = 32 − 4(1)(4) = −7 ≡ 3 (mod 5). Since 3 is not a quadratic residue
modulo 5, the polynomial has no roots in F5 and is therefore irreducible. Thus, our
complete factorization into distinct, monic, irreducible polynomials in F5[x] is:

f̄(x) = ḡ1(x)1ḡ2(x)1 = (x+ 2)(x2 + 3x+ 4).

We lift the factors back to Z[x] as g1(x) = x+ 2 and g2(x) = x2 + 3x+ 4. According to
the criterion, the ideal 5OK splits into two distinct prime ideals:

5OK = p1p2.

The explicit two-element generators for these prime ideals are given by evaluating our
lifted polynomials at α:

p1 = 5OK + (α+ 2)OK

p2 = 5OK + (α2 + 3α+ 4)OK .

The inertial degrees fi = f(pi|5) correspond precisely to the degrees of the irreducible
factors ḡi(x):

f1 = deg(x+ 2) = 1
f2 = deg(x2 + 3x+ 4) = 2.

Both ramification indices are e1 = e2 = 1. We can easily verify that the fundamental
identity holds over the index range i ∈ [[ 1, 2 ]]:∑

i∈[[ 1,2 ]]
eifi = (1)(1) + (1)(2) = 3 = [K : Q].

Exercise 4.1. Let R ⊆ S be an integral extension of integral domains. Prove that R is a
field if and only if S is a field.

Exercise 4.2. Let R ⊆ S be a ring extension, and let M be a multiplicative subset of R.
Prove that M−1RS is the integral closure of M−1R in M−1S.

Exercise 4.3. Let R be an integral domain, and let S be a multiplicative subset of R. Prove
that if R is integrally closed, so is S−1R.

Exercise 4.4. For an integral domain R, prove that the following statements are equivalent.

(a) R is integrally closed.
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(b) RP is integrally closed for every prime ideal P of R.

(c) RM is integrally closed for every maximal ideal M of R.

Exercise 4.5. This material will be added in a later version.

Exercise 4.6. This material will be added in a later version.

Exercise 4.7. This exercise will be added in a later version.

Exercise 4.8. This exercise will be added in a later version.
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